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Preface

This book was intended to be Rafael Armario’s Ph.D. thesis dissertation for obtaining
his doctoral degree in Pure Mathematics at the University of Cadiz (Spain, EU).
Unfortunately he passed away on January 28", 2013, right after he started writing
this manuscript. His two Ph.D. advisors at the time of his death (the authors of this
book) decided then to finish his work in book format and this is how this manuscript
was given birth.

0.1 Rafael Armario’s life

Rafael Armario, better known as “Rafa” by his friends, was a joyful and warm person,
a beloved son and friend, a very hard-working graduate student, an excellent high-
school teacher, and an extremely brilliant mathematician.

0.1.1 Childhood and early life

Rafa was born and raised in Cadiz, the oldest European city, within a humble middle-
class family. He quickly developed a strong interest in the Cadiz culture and folklore,
in particular, in the worldwide famous Cadiz carnival. Other local feasts such as the
El Puerto fair also grew on him in a very profound way.

0.1.2 University of Cadiz undergraduate period

Rafa decided to register as a math major in the university of Cadiz after graduating
from his neighborhood high school. He met a lot of friends there among students and
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professors, including the one who left the strongest imprint on him, Prof. Antonio
Aizpuru, who eventually became his Ph.D. advisor. He also met a bunch of friends
a buddies like Fernandito, Mari, Sole, Marina, Marimar, el Gafas, etc.

0.2 Rafael Armario’s work

During his working period as a top-level mathematician, Rafa accomplished many
objectives and obtained many different results. Indeed, all the theorems, definitions,
examples, etc., which are anonymous in this book (including those of the framework)
are due to his joint work with Prof. Aizpuru and the authors of this manuscript.

0.2.1 University of Cadiz graduate period

Rafa’s graduate period was undoubtedly conditioned by the death of his Ph.D. advi-
sor at the time, Prof. Antonio Aizpuru, who passed away in March 2008 after Rafa
and him published their first paper (see |5]), which was also co-authored by his Ph.D.
co-advisor at the time, Prof. Francisco Javier Pérez-Fernandez.

In September 2010, Prof. Garcia-Pacheco, better known as Paquito, was hired at
the level of Assistant Professor by the Mathematics Department of the University of
Cadiz after spending nine semesters (three American academic years) at Kent State
University (Ohio, USA) and ten semesters at Texas A&M University (Texas, USA).
One of the first assignments of Prof. Garcia-Pacheco was to co-advice Rafael Armario
together with Prof. Pérez-Fernéandez, continuing this way the work once started by
Prof. Antonio Aizpuru. The fruit of this co-advising was the co-authorship of the
papers [3, 4, 12, 13, 40]. The present book consists of those papers.

Many anecdotes occurred during his graduate school period. For instance, in one
occasion, Rafa and Paquito shared a hotel room, due to a lack of research funding,
while attending a conference held in the university of Almeria (Spain, EU). The hotel
workers will never forget that week.



Chapter 1

Framework

All the vector spaces treated in this book will be considered to be REAL and NON-
ZERO (although most of the results also work for complex spaces and the zero vector
space). The general notation employed for the vector spaces will be X,Y, Z, ...
(including the topological and the normed vector spaces) and K for the Hausdorff
compact topological spaces.

Throughout the mainmatter chapters (the first five after the framework) we will be
working exclusively with topological vector spaces and normed spaces, which will not
be assumed complete unless explicitly stated. In the backmatter chapter, as the title
says, G-spaces will be the objects to deal with.

Particularly throughout the whole of this second frontmatter chapter (the frame-
work), X will stand for a topological vector space or a normed space, unless oth-
erwise explicitly stated, except for the previous section to the very last one of this
framework in which we will deal with pre-ordered spaces and nets and filters in sets
and in topological spaces.

The reader should not consider this frontmatter framework as the regular framework
of any book. The reason for this is that we have accomplished plenty of original
results, some of them we have gathered in this framework for the sake of mathematical
chronology.

P ) e the power set of X
P X ) e the set of non-empty subsets of X
P (X ) e the set of finite subsets of X

(X ) the set of non-empty finite subsets of X
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Pe(X) oo the set of subsets of X with cardinality less than or equal to k
Pr(X) .. the set of non-empty subsets of X with cardinality less than or equal to k
Card (A) oo the cardinality of A
den (A) .o the density character of A
N the neighborhood filter of z
It (M) oo the topological interior of M
intg (M) oo the topological interior of M relative to A
bd (M) oo the topological boundary of M
bda (M) oo the topological boundary of M relative to A
CL(M) the topological closure of M
cla (M) oo the topological closure of M relative to A
CO (M) o the convex hull of M
CO(M) e the closed convex hull of M
ba (M) o the balanced hull of M
ba (M) oo the closed balanced hull of M
aco (M) .o the absolutely convex hull of M
ACO (M) oo the closed absolutely convex hull of M
Span (M) oo the linear span of M
SPATL (M) oo the closed linear span of M
dArop (M, n) oo the drop of M and n
suppv (M) ... the exposed face of the vectors of M supported by f
ext (M) oo the set of extreme points of M
exp (M) oo the set of exposed points of M
exp” (M) oo the set of w*-exposed points of M
SO (M) oo the set of smooth points of M
Bx (Z,7) <o the closed ball of center x and radius r in X
Ux (Z,7) oo the open ball of center x and radius r in X
Sx (@,7) o the sphere of center x and radius r in X
B the closed unit ball in X
U o the open unit ball in X
3 T the unit sphere in X
o the dual map of X
D the identity map of X
NA(X) oo the set of norm-attaining functionals on X
X the topological dual of X
X the topological bidual of X
Coo(X) o the space of eventually null sequences of X
(X)) o the space of absolutely summable sequences of X
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bps(X) oo the space of sequences with bounded partial sums of X
Co(X ) e the space of null sequences of X
(X)) the space of convergent sequences of X
aco(X) oo the space of null almost convergent sequences of X
Ac(X) o the space of almost convergent sequences of X
wac(X) oo the space of weakly almost convergent sequences of X
wrac(X™*) ..o the space of weakly-star almost convergent sequences of X*
Sac(X) woo the space of almost summable sequences of X
wsac(X) oo the space of weakly almost summable sequences of X
w*sac(X*) ..o the space of weakly-star almost summable sequences of X*
Coo (X)) oo the space of bounded sequences of X
SO @n) oo the summing multiplier space of > z,,
SO @n) oo the weakly summing multiplier space of > x,,
Su-Ooxk) oo the weakly-star summing multiplier space of > x
Sac(DO_mn) oo the almost summing multiplier space of > z,,
Soacd xn) oo the weakly almost summing multiplier space of »_ x,
Sewacd_xk) oo the weakly-star almost summing multiplier space of > x}
X(S) i the S-multiplier space of summable sequences
X (S) oo the S-multiplier space of weakly summable sequences
XE(S) oo the S-multiplier space of weakly-star summable sequences
Xac(S) covii the S-multiplier space of almost summable sequences
Xwac (S) oot the S-multiplier space of weakly almost summable sequences
Xiac(S) oot the S-multiplier space of weakly-star almost summable sequences
Hm . the limit function on ¢(X)
ACHm ... the almost convergent limit function on ac(X)
wACHm .................. the weakly almost convergent limit function on wac(X)
w*AClm ........... the weakly-star almost convergent limit function on w*ac(X™)
ACY oy o the almost sum of (x,,)nen
WACD &y oo the weakly almost sum of (x,,),en
WACY Ty o the weakly-star almost sum of (z,),en
LX)Y) oo the space of continuos and linear operators from X to Y
Nx oo the space of invariant operators under the forward shift
) the set of extensions of the limit function
B(X) e the set of vector-valued Banach limits
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1.1 Analytical geometry

There are many different versions of geometry, each of them with its corresponding
category. For example, in differential geometry the relevant category is the one
of differential manifolds, in algebraic geometry we find the category of algebraic
manifolds, in metric geometric the category of metric spaces comes into play, etc.
The category of normed spaces is also a typical and characteristic category of a
particular version of geometry, the analytical geometry.

Analytical geometry is then the field of geometry taking care of the geometrical as-
pects of topological vector spaces. Sometimes, the geometrical aspects of topological
modules, often similar to those of topological vector spaces, are also included in an-
alytical geometry. One of the most important and impacting branches of analytical
geometry is the extremal theory.

1.1.1 Convexity

In a (topological) vector space, a subset is said to be convex provided that the
segment joining any two points of the subset lies entirely in the subset. The non-
empty intersection of any family of convex subsets is also convex, so the convex hull
of any subset is defined as the intersection of all the convex subsets containing it.
The convex hull is usually denoted as co(A). It is very easy to show that

CO(A) = {Ztiai : th’ =1,t; >0,a; € A, 1 Szgn}

i=1 i=1

The closed convex hull, €6(A), is the intersection of all the closed convex subsets
containing a given set A. Since the closure of any convex set is convex, we have that
co(A) = cl(co(A)). However, the convex hull of a closed set does not necessarily be
convex (for instance, the canonical basis of ¢y is closed but not so is its convex hull).

A subset A is said to be balanced provided that [—1,1]A = A. The intersection
of any family of balanced subsets is also balanced, so the balanced hull, ba(A), is
defined as the intersection of all the balanced subsets containing a given set A. It
can be easily shown that

ba(A) =[-1,1]A={ta:t € [-1,1],a € A} Cco(AU{0})Uco(—AU{0}).

4
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The closed balanced hull, ba(A), is the intersection of all the closed balanced subsets
containing a given set A. Since the closure of any balanced set is balanced and
the balanced hull of any closed set is closed, we have that ba(A) = cl(ba(A)) =
ba (cl(A)).

By absolutely convex we mean a subset which is balanced and convex. The absolutely
convex hull, aco(A), is, as expected, the intersection of all the absolutely convex
subsets containing a given set A. Since the convex hull of a balanced set is balanced,
we have that

aco(A) = co (ba(A)) = {zn:tiai : z": lti| < 1,0, € A,1 <i< n} =co(AU—A).

1=1 1=1

It can be shown that
ba(co(A)) =co(AU{0})Uco(—AU{0}),

formula that can be used to show that the balanced hull of a convex set need not
necessarily be convex (it suffices to take A to be any segment not aligned with 0
in R?). The sets of the form co(A U {b}) with b ¢ A are usually called drops and
denoted by drop(A,b).

The closed absolutely convex hull, aco(A), is the intersection of all the closed abso-
lutely convex subsets containing a given set A. Since the closure of any absolutely
convex set is absolutely convex, we have that aco(A) = cl(aco(A)). However, the
absolutely convex hull of a closed set does not necessarily be convex (for instance,
the canonical basis of ¢ is closed but not so is its absolutely convex hull).

The reader may have noticed that all the hulls previously defined verify the conditions
of a hull operator, that is, a function T : P(Z) — P(Z) verifying the following three
conditions:

e Extensive: A C T'(A).
e Increasing: AC B = T(A) CT(B).
e Idempotent: T(T(A)) =T(A).

On the other hand, a subset A is called absorbing provided that for all x € X there
exists A, > 0 with [—A,z, \,x] C A. Keep in mind that there is no sense in defining
the absorbing hull since every set containing an absorbing set is itself absorbing.

5
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Any topological vector space has a basis of balanced and absorbing neighborhoods
of 0. A topological vector space with a basis of absolutely convex and absorbing
neighborhoods of 0 is called locally convex. A notable convex subset of topological
vector spaces is shown in the next result.

Theorem 1.1.1 If X is a topological vector space, then the set
ﬂ./\fo ={z € X : z belongs to every neighborhood of 0}

15 a closed bounded vector subspace of X whose induced topology is the trivial topology.
Furthermore, it 1s always topologically complemented with every subspace with which
it 15 algebraically complemented.

Proof. Let us denote the above set by N. Then:

1. N is a vector subspace of X: Indeed, let U be any neighborhood of 0 and let
n,m € N and a, f € R. There exists a neighborhood V' of 0 such that V+V C
U. Now, there are W; and W5 neighborhoods of 0 such that aWy, W, C V.
Observe that n € W; and m € W,. Therefore

an+ pfm e aW, + W, CV +V CU.

2. N is closed: Indeed, let z € X \ N. There exists a neighborhood U of 0 such
that x ¢ U. There exists another neighborhood V' of 0 such that V +V C U.
Finally, 2 4+ V is a neighborhood of z such that (x + V)N N = .

3. N is bounded: Obvious since

N = ﬂ {U C X : U is a neighborhood of 0} .

4. The relative topology of N is the trivial topology: Obvious from the above
equality.

5. N is complemented in X: Indeed, let M be another vector subspace of X such
that NN M = {0} and X = M + N. Observe that the linear projection

X — N
m+n — n

is continuous since the induced topology on N is the trivial topology. Another
way to show that the topology on X coincides with the product topology on

6
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M @ N is by means of nets. If (m; 4+ n;),.; is a net of M @& N converging to
m+n € M @ N, then (n;),.,; converges to n (again, because the topology on
N is trivial). Therefore, (m;),.,; converges to m. On the other hand, observe
that M is not closed (unless N = {0}). Indeed, 0 € M C cl(M), therefore
N Ccl(M) and hence M is dense in X.

O

Observe that in semi-normed spaces N Ny = {z € X : ||z| = 0}.

1.1.2 Extremal theory

A point x in the unit sphere Sy of a normed space X is said to be a smooth point
of Bx provided that there is only one functional in Sx« attaining its norm at x.
This unique functional is usually denoted by Jx (x). The set of smooth points of the
(closed) unit ball Bx of X is usually denoted as smo (Bx). This way X is said to be
smooth provided that Sy = smo (Bx).

In case z € Sy is not a smooth point then Jx (z) is defined as 27! (1) N By, that is,
the set {x* € By« : 2* (x) = 1}.

If X is a smooth normed space, then the dual map of X is defined as the map
Jx : X = X*such that ||Jx (z)|| = ||z| and Jx (z) (z) = ||lz||” for all z € X. It is well
known that the dual map is ||-||-w* continuous and verifies that Jx (A\x) = Ax (z)
forall A € R and all x € X.

We refer the reader to [27, 28, 52] for a better perspective on these concepts. The
following definition is very well known amid the analytical geometers.

Definition 1.1.2 Consider a convex subset M of a topological vector space X. A
convex subset C' of M is said to be

e a face of M provided that C' verifies the extremal condition with respect to M,
that is, if z,y € M and t € (0,1) are so that tx + (1 —t)y € C, then x,y € C;

e an exposed face of M provided that there exists a supporting functional on C,
that is, f € X*\{0} so that C = suppv (M) :={m € M : f(m) = sup f(M)}.

It is immediate that every exposed face is a face, and every proper face must be
contained in the boundary of M. A face or an exposed face which is a singleton is

7
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called an extreme point or an exposed point, respectively. The set of extreme points
of M is usually denoted by ext(M), and the set of exposed points, exp(M).

In dual spaces, w*-exposed faces refer to exposed faces relative to the w*-topology, in
other words, the supporting functional must be w*-continuous. For instance, notice
that Jx (z) = suppv, (Bx~) for every x € Sy, that is, Jx (z) is a w*-exposed face of
Bx-. The set of w*-exposed points of M is usually denoted by exp®” (M).

On the other hand, it is well known folklore that
o ext (B,.) = {(en),cn € RY : |, = 1 for all n € N},
o cxt (B.) =ext (B, ) Ne,
o ext (B,,) = ext (Bg,) = &, and
o cxt (By) ={e,:n e N}

Notable extremal properties involving the concepts of extreme point, exposed point,
w*-exposed point, and smooth point follow (see [36]):

e If z is a smooth point, then Jx (z) is a w*-exposed point.

e ints, (C) C smo (Bx) for every proper face C' of By.

e The faces of a face of a convex set are also faces of the convex set.
e The non-empty intersection of faces is a face.

Lemma 1.1.3 Let Y be a closed subspace of X and consider y* € Sy« and y € Sy
with y* (y) = 1. The following conditions are equivalent:

1. y is a smooth point of By.

2. The set of all norm-1 Hahn-Banach extensions of y* to X is the w*-exposed
face of Bx+ given by y=* (1) N By-.

Proof. In the first place, assume that y is a smooth point of By. On the one hand,
y~1(1) N By« clearly contains all norm-1 Hahn-Banach extensions of y* to X. On
the other hand, if z* € y~* (1) N Bx~, then the smoothness of y in By assures that
x*|ly = y*. Conversely, assume that the set of all norm-1 Hahn-Banach extensions
of y* to X is the w*-closed exposed face of Bx- given by y~! (1) N Bx~. If y is not
a smooth point of By, then we can find y} € Sy- \ {y*} such that y;(y) = 1. By
the Hahn-Banach Extension Theorem, y; may be extended to the whole of X pre-
serving its norm. Denote this extension by zj. Observe that xj, € y~* (1) N Bx« but

8
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wily = yo vy~ O

The following well-known result (see |20, p. 168|) will be called on in the mainmatter
chapters.

Theorem 1.1.4 (Banach, 1932; [20]) The smooth points of Bexy are exactly the
elements of Se(k) that attain their absolute mazimum value on K at only one point

of K.

We mean to finish this subsection with the concept of convex component, which
is nothing but a maximal convex subset. Convex components allow us to extend
the concept of extreme point to non-convex sets. We refer the reader to [39] for a
meticulous study on convex components and multi-slices.

Definition 1.1.5 (Garcia-Pacheco, 2015; [39]) An element m of a non-empty
subset M of a vector space X is said to be an extreme point of M provided that
the following conditions holds: if C' is a segment of M containing m, then m is an
extreme of C. The set of extreme points of M is usually denoted by ext (M).

The previous definition matches the usual concept of extreme point in convex sets.

Theorem 1.1.6 (Garcia-Pacheco, 2015; [39]) Let M be a non-empty subset of
a vector space X and let {C;},.; be the set of convex components of X .

iel
1. ext (M) C e, ext (Cy).
2. If C;NCj =@ foralli # j € I, then ext (M) = |J,; ext (C;).
Proof.

1. Obvious since C; C M for every ¢ € I.

2. Let x € ext (C;) for some i € I. Let C be a segment of M containing x. Since
C'is convex, there exists j € I such that C' C C}. Therefore x € C; N C; which
means by hypothesis that C; = C;. Since x € ext (C;), we deduce that z is an
extreme of C'.

U

We would like the reader to be aware of the following observations about 2 of Theorem
1.1.6:
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e The hypothesis that the convex components be disjoint cannot be removed
from 2 of Theorem 1.1.6. Indeed, if N is a non-empty convex subset of any
vector space such that 0 ¢ N, then M := co(N U{0})Uco(—N U{0}) verifies
that 0 is an extreme point of a convex component of M but it is not an extreme
point of M.

e The converse to 2 of Theorem 1.1.6 does not hold true as shown in the next
example. Indeed, consider the 2-dimensional Euclidean space, that is, ¢3. Take
M = 2B \ Ug. It is not difficult to observe that the convex components of
M are the sets

Cp:=Mnf([1,+00))
where f € S ()" Finally, it can be checked that

ext(M)= | ext(Cy).
feS(l%)*

However, the convex components of M are not pairwise disjoint.
We spare to the reader the details of the proof of the following technical lemma.

Lemma 1.1.7 (Garcia-Pacheco, 2015; [39]) Let M be a convex subset of a vec-
tor space X.

1. If v € X \ M, then ext (co(M U{z})) \ {z} C ext (M).
2. If0 & M, then

ext (ba (M)) = ext (co (M U{0})) \ {0} Uext (co(—M U{0})) \ {0}.

3. ext (ba(M)) Cext (M) Uext(—M).

1.2 Sequences and series

The most general setting in which summability takes place is the category of topo-
logical additive groupoids, that is, additive groupoids endowed with a topology that
makes the addition continuous.

10
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1.2.1 Spaces of sequences

The reader should be familiar with the usual sequence spaces such as

Coo (X) C gl(X) C ¢ (X) C C(X) C goo (X) .
If X is complete, then so is each of them when /., (X) is endowed with the sup norm,
except for the very first one, cqo (X), which is dense in ¢ (X).

We recall the reader that X stands for the completion of X. It is fairly trivial that
coo(X), £1(X), co(X), and £o(X) are dense in coo (X), €1 (X), ¢o (X), and £ (X),
respectively. The density of ¢(X) in ¢ (Y) is not that trivial.

Lemma 1.2.1 ¢(X) is dense in ¢ (X).

Proof. Let (yn),cy € ¢ (X) and fix an arbitrary € > 0. For every n € N let z,, € X
such that ||y, — x,| < ¢e/2. Take ng € N such that 1/ny < ¢/2 and ||y, — y,|| < /2

for all p,q > ng. Then (21, T2, ..., Tng—1, Tngs Tngy Tngs - - - ) € ¢(X) and
H([L’l,!lfg, ey Trg—1y Trgs Trgs Tngs -+ ) — (y")nENHoo <e
since
g €
Ins = 9nll < 70 = 3noll + s = wnll < 5+ 5 =
for all n > ny. L]

It is easy to check that ¢(X) is never dense in ¢,,(X). When X = R a separability
argument can be applied. In general, one can see that a sequence like ((—1)"x),, oy
can never be approximated by convergent sequences in the sup norm if x # 0.

Theorem 1.2.2 The following conditions are equivalent:
1. ¢ (X) Nlo (X) = c(X).
2. ¢(X) is a closed subspace of ly (X).
3. X 1s complete.
Proof.
1 = 2 Immediate if taken into account that c (7) is closed in /. (Y) since X is

complete.

11
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2 = 3 Consider a Cauchy sequence (z,,), .y C X. It is obvious that (z,), .y € ¢ (X)N
b (X) = c(X). So (zn),ey is convergent in X.

3 = 1 Obvious.
O

The reader should realize that Theorem 1.2.2 does not hold if we substitute ¢ (X)
with coo(X), £1(X), or co(X), as coo(X) = coo (X) Nlao(X), (1(X) = 1 (X) Nlo(X),
and ¢o(X) = ¢o (X) Nle(X). As a consequence, ¢1(X) and co(X) are always closed
in /oo(X) even if X is not complete. On the other hand, ¢o(X) = ker (lim), where
lim clearly denotes the limit function on ¢(X).

A not so usual sequence space is the one of all sequences in X with bounded partial
sums, usually denoted by bps (X). It is clear that

As expected, bps(X) is dense in bps (7) and bps(X) = bps (7) N oo (X). However,
bps (X)) is not closed in £, (X) even if X is complete, since ¢go (X) is dense in ¢q (X)
and ¢o (X) contains sequences with unbounded partial sums. On the other hand, it
can also be seen without employing an enormous effort that bps(X) is never dense
in /o (X). The following lemma clarifies the nature of bps (X) (see |3, Lemma 2.2]).

Lemma 1.2.3 bps (X) = {(Zn+1 = Zn)nen * (Zn)nen € loo (X) ]
Proof. If (an),cy € bps (X), then choose any z; € X and (necessarily) define

n
Zpyl =21+ E a;
i=1

for all n € N. It is immediate that (2,),cy € s (X) and 2,11 — 2, = a, for all
n € N. Conversely, let (z,),cy € loo (X). Simply notice that for all p € N we have

that
p

Z (Zhs1 — 1)

k=1

= llzpe1 = 21l < 2| Gz el -

On the other hand, the following linear operator

bps (X) — Lo (X)
(Ti)ien (@1, 21+ 22,01 + 29 + 23, ),

12
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whose inverse is precisely (see Lemma 1.2.3 above)

lo (X) — bps(X)
(Z")neN — (21,22—21,2’3—22,...),

2] | ()L

which will make it complete if X is so. Notice that when endowed with the norm
given in (1.2.1), bps (X) is linearly isometric to /o, (X).

induces the following norm on bps (X

H(xl zeNH , (1.2.1)

If x € X, then x denotes the constant sequence of term equal to x, and X denotes
the set of all constant sequences. It is clear that X is a closed subspace of (., (X)
and contained in ¢(X).

Lemma 1.2.4 Let x € Sx and z* € Sx- with x*(x) = 1 and fix any arbitrary
0<e<l1.

1. z* (Ux (z,¢)) C (1 — &, +00).
2. If (zn) ey € bps (X), then (x,), oy € Ux (z,€).
3. d(x,bps (X)) =1.
Proof.

1. Because of the convexity of z* (Ux (x,¢)) it suffices to show that no element
y € Ux (x,¢) verifies that z* (y) = 1 — . Indeed, assume to the contrary that
such element y exists. Then

e=z"(z) — 2" (Y)| = |27 (z —y)| < |z —yll <&,
which is a contradiction.

2. Suppose that (2,),.y C Ux (z,€). Then 2*(x,) > 1 —¢ for all n € N. Let
M > 0 be such that
D
n=1

for all m € N. Finally notice that

m(l—eg)<z” (ixn> <

13
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for all m € N which is impossible.

3. By 2 we know that ||(zn),cy —XHOO > ¢ for all (z,),cy € bps(X). Thus,
d(x,bps (X)) > 1. In order to see that d(x,bps (X)) = 1 it only suffices to
realize that

(,0,0,...,0,...) € bps (X)

and
|(2,0,0,...,0,...) = x|, =1

U

A class of spaces with special convergence properties is the class of all Grothendieck
spaces. Recall (see [8]) that a vector subspace M of the dual X** of a normed
space X is called a M-Grothendieck space if every sequence in X* which is o(X*, X)
convergent is also o(X*, M) convergent. As expected, X is said to be Grothendieck
if it is X**-Grothendieck. In other words, a normed space X has the Grothendieck
property if every weakly-star convergent sequence in X* is weakly convergent.

If S is a vector subspace of /., containing ¢y, then /., can be identified with a vector
subspace of §** via the bidual map corresponding to the natural inclusion of ¢j into
S. This bidual map is an isometry from cf* = ¢, into S**. Therefore, we can identify
a bounded sequence (aj)j ey € loo With the map

S* - R
g = Z;ilajg(ej)7

where (e’) stands for the canonical cy-basis. As a consequence, it makes sense to ask
whether § is /,-Grothendieck. This observation is relevant towards the statement
of Theorem 6.4.4.

The end of this subsection is due to introduce a new and different concept of closure
defined in ¢ (X). It is trivial that if A is a non-empty subset of /o (X), then

CI(A) = ﬂ (A +EBZOO(X)) .

e>0

By taking advantage of this obvious fact, we define the ¢,-closure as:

Clp(A) = m (A + 5BZ,,(X)) .

e>0

14
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Since || - |lo < || - ||p, we have that
A Ccly(A) Celo(A) =cl(A).

Finally, a set A such that A = cl,(A) is called p-closed.

1.2.2 Classifications of series

The reader of this book oughts to be necessarily familiar with the usual convergence
concepts related to series, such as unconditional, conditional, absolute, and sub-
series convergence (uc, cc, ac, and sc, respectively). The concepts of unconditionally
Cauchy and weakly unconditionally Cauchy series (uC and wuC, respectively) should
also sound familiar to the reader as well as their usual characterizations:

e A normed space is finite-dimensional if and only if every uc series is ac (this is
the famous Dvoretzky-Roger Theorem).

e A normed space is complete if and only if every ac series is uc (see Theorem
1.2.9 for a new different proof without having involving the Baire Category
Theorem).

e A series > x; in a normed space X is wuC if and only if > |2*(z;)] < oo for
each z* € X*.

e A series > zf in X* is wuC if and only if > |zf(x)| < oo for each x € X.

We refer the reader to [29] for a magnificent perspective on these concepts. Precisely
in [29] the following characterization of wuC series can be found, on which we will
rely several times in this book.

Theorem 1.2.5 (Diestel, 1984; [29]) A series > x; in a normed space X is wuC
iof and only if there exists H > 0 such that

H = sup{ Zaixi :neN,|ai\<1,i€{1,...,n}}

= sup{ Zei:)s,- :nEN,e,-E{—l,l},ie{l,...,n}}
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Now, we remind the reader about the famous and classic Orlicz-Pettis Theorem,
which will be versioned in the last subsection of the third chapter for the almost
summability.

Theorem 1.2.6 (Orlicz, 1929; [54]) If >  x; is a series in a Banach space X such
that w) ..\, x; exists for each M C N, then ) x; is uc.

In more simple words, the Orlicz-Pettis Theorem establishes that w-sc implies uc in
the category of Banach spaces.

Theorem 1.2.7 (Schur, 1929; [54]) For each i € N, let Y t;; be an ac series of
scalars. Assume that lim; Zj s;ti; exists for every (s;)jen € loo and let t; := lim; t;;
for every j € N. Then:

o > ity is ac and lim; Y, sjti; = >, sit;.

® > |tij| converges uniformly on i € N.

1.2.3 Biorthogonal systems

In a vector space a biorthogonal system is a pair (e;,€;),c; € X x X* such that
e;(ej) = d;; where d;; is the Kronecker 6. A biorthogonal system is said to be:

e expanding if X = span{e; :i € I};
e fundamental if X = span{e; : i € I} (provided that X is endowed with a vector
topology);
e total if X* =3span® {e} :i € [}.
We refer the reader to [43] for a complete perspective on biorthogonal systems in

normed spaces.

A very well known fact in the theory of Banach spaces states that the infinite dimen-
sional Banach spaces must have uncountable dimension. This fact involves the Baire
Category Theorem. We will provide a much more simple proof of this fact without
involving strong machinery:.

Theorem 1.2.8 If X is a Hausdorff locally convex topological vector space of infinite
countable dimension, then there exists a expanding and total biorthogonal system
(ens€p)peny © X X X

n

16
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Proof. Let (un), oy C X be a Hamel basis for X. We will construct the biorthogonal
system inductively:

Step 1 Choice of e;:
Step 1.1 Take e; := uy. Obviously, span {e;} = span {u;}.

Step 1.2 The Hahn-Banach Theorem allows us to find ej € X* such that e (e;) =
1.

Step 2 Choice of es:
Step 2.1 Take ey := uy — €} (ug) uy. Note that span {e1, 2} = span {uy, us}.

Step 2.2 The Hahn-Banach Theorem allows us to find e € X* such that 1 =
eb (eg) > sup ej (Rey) . Therefore €} (e;) = 0.

Step 3 Choice of ej:
Step 3.1 Take e3 := ug — e} (u3) e; — €5 (ug) e2. Observe that span {e;, e, e3} =
Spal {u17u27u3}'

Step 3.2 The Hahn-Banach Theorem allows us to find e € X* such that 1 =
e} (e3) > sup el (Re; @ Reg) . Therefore e} (e1) = €5 (e2) = 0.

We omit the rest of the steps. To see that X* = span *" {e! : n € N} it suffices to
realize that span {e} : n € N} separates points of X. O

Corollary 1.2.9 If X is a normed space of infinite countable dimension, then there
exists an absolutely convergent series in X which is non-convergent, in other words,
X is not complete.

Proof. By Theorem 1.2.8, there exists a blorthogonal system (e, ey),cn © X X X*

such that X = span{e, : n € N} and X* = Spanw {e} :n € N}. We may assume

that (6n)neN C Sx. Note that the series > >° | 5=, is absolutely convergent. Assume

that > | o sw€n is convergent in X. There are Ay, ..., A, € Rsuch that )~ | 2n =
P Anén. Finally,

1 =1 . &
o+l = €p11 (Z 2_n€”> = (Z )‘"6"> =0,

which is impossible. O

17
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1.2.4 Schauder bases

A topological vector space is said to have a Schauder basis (e,)nen C X provided
that for every = € X there exists a unique sequence (A, ),eny C K in such a way that:

[oe)
e > ™ Aney converges to x.

e The coeflicient functionals

K
An

n

e X —
P

are continuous for every n € N.

Schauder bases were introduced for the first time in [60]. Observe that (e,, e’ )qen
is a fundamental and total biorthogonal system (the totalness follows from the fact
that {e’ : n € N} is separating). We would like to recall the reader that in case X
is a Banach space, it is not necessary to include in the definition of Schauder basis
the continuity of the coefficient functionals €}’s as it can be derived by using the
completeness.

The n-th canonical projections

pn: X — span{ep,...,e,}
r Z?Zl)\iei

are continuous linear projections. Notice that the set {p, : n € N} is pointwise
bounded since (p,())nen is a convergent sequence to x. Therefore if X is a barrelled
normed space, then the set {p, : n € N} is bounded. In barrelled normed spaces,
be ((en)nen) = sup{||pn|| : n € N} is called the basis constant.

A normalized Schauder basis in a barrelled normed space is said to be monotone
provided that the canonical projections have norm 1. It is very simple to verify that
under barrelledness

][l == sup{{lpn(2)]| : n € N}

is an equivalent norm on X that makes a normalized Schauder basis monotone.
We refer the reader to [412] where it is shown that a uniformly Frechet smooth Ba-
nach space with a Schauder basis can be equivalently renormed to remain uniformly
Frechet smooth and to make the basis monotone.

For simplicity purposes, we convey that pg is the null projection. Notice that a
Schauder basis always verify that

Pn() = pna(2) = €, (x)en

18
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for all n € N and all x € X. Therefore

[P = Poall = [lep[I”
for all n € N.

We also recall the reader that another norm ||| - ||| on a normed space is said to be
left-comparable to the original norm provided that there exists a positive constant
¢ > 0 in such a way that

-1 <ell -l

In a similar way, the concept of right-comparability for norms can be defined.

Lemma 1.2.10 If X is an infinite dimensional barrelled normed space with a nor-
malized Schauder basis (€,)nen, then

[H«[la := supflep ()] : n € N} (1.2.2)

is a norm on X left-comparable to its original norm verifying that |||e|||5 = 1 for
alln € N.

Proof. By the observation prior to this lemma, we have that

lla < sup{llpn — pn-ll - n € N}|lz]| < 2be ((en)nen) ll])-

U

In the settings of the previous lemma, since (e,),en is normalized we deduce that
(€} (x))nen converges to 0 for all x € X, therefore X endowed with the norm ||| - |||4
given in Equation (1.2.2) is isometric to a subspace of ¢y according to the embedding

X — Co
z = (€())nen
This fact leads us to the following corollary.

Corollary 1.2.11 If X is an infinite dimensional barrelled normed space with a
normalized Schauder basis (€, )nen such that |||-|||a is equivalent to its original norm,
then X is isomorphic to a subspace of cg.

We are now at the right point to find an equivalent norm to make a normalized
Schauder basis monotone and to make its dual basis normalized.

19
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Theorem 1.2.12 Let X be a barrelled normed space with a normalized Schauder
basis (en)nen- Then

2l ma == max {[|[[m, [[l|[la} (1.2.3)

verifies the following properties:

1. It is an equivalent norm on X.

2. Mlenlllma = lllex][[5a = 1 for alln € N.

3. For everyn € N, p,, has ||| - |||ma-norm 1.
Proof.

1. Tt is trivial that ||||||;na defines a norm on X. Notice in first place that |||z||],, <
be ((en)nen) ||z]| and, in virtue of Lemma 1.2.10, |||z|||l¢ < 2bc ((en)nen) ||z,
thus |||z]|lma < 2bc ((én)nen) ||z]|. Now let x € X. Observe that (p,(z))nen
converges to x, therefore ||z|| < |||z|||m < |||2|||ma-

2. Obviously, |||en|||lma = |len]| = 1 for all n € N. Thus, it suffices to show that
lllex||],q < 1 for all n € N. Indeed, if x € X, then |ef(z)| < |||z||la < |||z]||ma
for all n € N.

3. If z € X, then [|py ()| < ||[[[m < |[[z][|ma for all n € N.
U

In the settings of the previous theorem, we have the following chain of inequalities
- <l S T Hlima < 2be ((€n)nen) |- []-
Therefore in terms of unit balls
Bijilma S BilFfiim € Bx S 2be ((€n)nen) Byjilfna
The norm ||| - |||4 can actually be generalized in order to achieve a right-comparable
norm.

Theorem 1.2.13 Let X be a barrelled normed space with a normalized Schauder
basis (en)nen. Fiz an arbitrary k € N and consider

(B sup{ S hes

i€A

:a:zZ)\iei, AEPK(N)} . (1.2.4)
i=1
Then:

20
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LA =11 -
2. |lpe(@)|| < |||z|||x for all k € N and all z € X.
3 Nk < 2kbe ((en)nen) || - || for all k € N.
b M1l < A1 e o By < ko and thus By, S By, -
5. ||[-I|x is a left-comparable norm on X such that for every A € Py (N), >, 4 pi—
pi—1 has ||| - |||g-norm 1.
In particular, when X is endowed with the norm ||| - |||z both the Schauder basis

(€n)nen and its dual basis are normalized.

Proof. First off, notice that

D e =D pil@) = pia(w)

€A €A

for all A € P,*(N). Then

mekzﬂm{

and from here it is easy to understand that ), , p; — pi—1 has ||| - |||-norm 1 for
every A € P (N). We will only show (2), we spare the rest of the details of the proof
to the reader. Observe that A = {1,...,k} € P;(N) and

sz — Di— 1 )

€A

sz — Di— 1

€A

ZCL’:Z)\Z'Q;, AGP,:(N)}

1=1

= [lp(@)] -

|l =

O

We refer the reader to [56] for several interesting characterizations of completeness
of normed spaces through weakly unconditionally Cauchy series.

We recall the reader that a weakly unconditionally Cauchy Schauder basis is a
Schauder basis (e, )neny in which the series z = > 07 | \,e, is weakly uncondition-
ally Cauchy. Unconditional Schauder bases are examples of weakly unconditionally
Cauchy Schauder bases.
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Corollary 1.2.14 Let X be a barrelled normed space with a normalized weakly un-
conditionally Cauchy Schauder basis (e, )nen. Then

[ Ilos = sup [[[ - |[|x
— 00
is a right-comparable norm on X such that for every A € Pg(N), >, 4pi — pica
has ||| - |||cc-norm 1. In particular, when X is endowed with the norm ||| - |||« the
Schauder basis (e,)nen is monotone and its dual basis is normalized.

Proof. According to (2) of Theorem 1.2.13 we deduce that || - || < ||| - |||oo. It only
remains to show that ||| - |||o is well defined. Fix an arbitrary z = Y 2, Nje; € X.
Since the previous series is weakly unconditionally Cauchy, Theorem 1.2.5 allows us
to deduce that there exists a constant H, > 0 such that

llellle = sup{ S e

€A

= sup{ sz(if) — pi—1(2)

i€A

L= Z)Vei, A c PfX(N)}
i=1

tr=) Nei, A€ P;(N)}

1=1

1.3 Operator theory

Operator theory takes care of studying the morphisms of a given algebraic and topo-
logical category. In our case, we will consider operators between normed spaces, or
more generally, between topological vector spaces.

As usual, £(X,Y) is meant to be the space of all continuous and linear operators
from X to Y. When X and Y are simply topological vector spaces, we can just
consider the pointwise convergence topology on £ (X, Y). If they are normed spaces,
then £ (X,Y) can be endowed with the strong convergence topology, which turns
L (X,Y) into a normed space. Note that if Y is complete, then so is £ (X,Y).

When X =Y, then we simply write £(X). It is clear that £ (X) is an associative
algebra with unity. If X is a normed space, then £ (X) becomes a unital normed
algebra, and if X is complete, then £ (X) is a unital Banach algebra.
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1.3.1 Spaces of continuous and linear operators

Notable subsets of L (¢, (X)), X), which we will be working with, are:

e Ny, that is, the set of all continuous and linear operators from /., (X) to X

which are invariant under the forward shift operator on £, (X). In other words,

Nx = {T €L(lx(X),X): T ((I”)neN) =T ((x”‘i'l)neN)
for all (z,),cy € loo (X)} -

e Ly, that is, the set of all continuous and linear operators from £, (X) to X

which are extensions of the limit function on ¢ (X). In other words,

Ly = {T c E(éw (X),X) : T‘c(X) = lim}.

Easy verifiable properties of the above sets are described in the following proposition,
the details of its proof we spare to the reader.

Proposition 1.3.1

1.

Nx is a closed vector subspace of L (loo (X),X) when L (ls (X),X) is en-
dowed with the pointwise convergence topology.

Nx ={T € Ll (X),X):bps(X) Cker(T)}.
If T € Nx, then cq (X) C ker (T).

Lx is an affine subset of L ({ (X), X), that is, if T, S € Lx andt € R, then
tr'+(1—1t)S e Lx.

Lx is closed in L (lo (X),X) when L ({s (X),X) is endowed with the point-
wise convergence topology.

6. If T € Lx, then |T|| > ||T]cx)|| = lim|| = 1.

7.

8 NxNLx={T€ Ll (X),X):bps(X) Cker(T) and T|x = lim}.
9.

Lx={T€eL(lo(X),X):co(X)Cker(T) and T|x = lim} .

HB (lim) = Lx N Bre.(x),x) = Lx N SL0a(x),x)-

The reader may have noticed that in the last item of the previous proposition we
make use of HB (lim), which stands for all the norm-1 Hahn-Banach extensions of
the limit function on ¢(X) to the whole of £, (X). In general, HB (T") consists of all
norm-1 Hahn-Banach extensions of 7" to a (given) superspace.
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Corollary 1.3.2 If Nx N Lx # &, then X is complete.

Proof. Let (z,)nen be a Cauchy sequence in X. Consider any T'€ Nx N Ly. We
will show that (x,)nen converges to 7' (2, )nen) € X. Fix an arbitrary € > 0. There
exists n. € N such that if p,q¢ > n., then ||z, — z,|| < ﬁ Now, for all p > n. we
have that

1T ((#n)nen) = 2pll = NT (Zn4p)nen) — 2l

1T ((#n4p)nen) = T (%p) |
((
|

1T ((Zntp — Tp)nen) |
< ||IT| ‘(xn+p_a7p)neN“oo
< e
O

Later on, we will show that Nx # {0}. Sufficient conditions for the non-emptiness
of Lx will be given when assuring the existence of Banach limits, since every Banach
limit is an extension of the limit function.

Corollary 1.3.3 If T € Sy, then
1T (%)l

T, x|| =
H |0(X)€BR H HIH

for all x € X \ {0}.

Proof. In the first place, recall that ¢y (X) C ker (T") as pointed out in Proposition
1.3.1. Fix an arbitrary # € X \ {0}. Let (y,),ey € co (X) and A € R. Since (yn),,cn
converges to 0, we trivially have that

H(yn + )\x)neNHw = Slég |yn + Az|| > || Az]] . (1.3.1)

Therefore, if (y, + Av),,cn € Beyx)erx, in virtue of Equation (1.3.1) we have that

T(x
I7 (o + 2l = 117 G0 < L
In order to finish the proof it suffices to note that ﬁ € Sco(xX)@Rx- O

It is not hard to observe that bps(X) @& X is never dense in £ (X).
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Corollary 1.3.4 There exists T € Spr, such that ||T' (x)|| =0 for all x € X. If, in
addition, dim (X)) > 1, then T can be constructed not to be onto.

Proof. Fix an arbitrary (2,),cy € foo(X) such that
d ((2n)pen » brs(X) @ X) > 0.
By a corollary of the Hahn-Banach Extension Theorem we can find f € Sy (x)- such
that
f(bps(X) & X) = {0}
and
F((zn)nen) = d ((zn) ey » bps(X) & X) .

Now fix an arbitrary y € Sx and define

T: (X)) — X

(yn)neN = T ((yn)neN) =/ ((yn)neN) Y.

Notice that 7" is a norm-1 continuous linear operator such that Ty, x) = 0 (so
T € Sy, in virtue of Proposition 1.3.1) and T'|x = 0. O

The group of surjective linear isometries on X will be denoted by Gx. A natural
left action can be defined of Gx on Sx which turns Sx into a Gy-space (we refer the
reader to the backmatter chapter for an extended survey on G-spaces):

gXXSX — SX

(T.2) = T(z). (1.3.2)

It is well known that for all Hilbert spaces the previous action is transitive. On the
other hand, notice that the action (1.3.2) is not free if and only if there exists a
surjective linear isometry other than the identity with a non-zero fixed point (this is
the case, for instance, of the Hilbert spaces with dimension 3 or more).

A normed space is said to enjoy

e the approximation property provided that the identity operator [ is in the
closure of the finite-rank operators on X, F(X), when £(X) is endowed with
the topology of uniform convergence on compact subsets; and

e the bounded approximation property provided that there exists A > 1 such
that the identity operator I is in the closure of the finite-rank operators on
X with norm less than or equal to A, that is, F(X) N AB,(x), when £(X) is
endowed with the topology of uniform convergence on compact subsets.
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1.3.2 Complementation, M-ideals and injectivity

A subspace of a topological vector space is said to be (topologically) complemented
if it is the range of a continuous linear projection. We remind the reader that a
continuous linear projection on X is an idempotent of £(X). Every complemented
subspace M is closed and verifies that there exists another closed subspace N in such
a way that M NN = {0} and X = M + N. This condition is not sufficient to assure
that M is complemented, unless we are working in the class of Banach spaces.

A subspace M of a normed space X is said to be an L,-summand subspace of X
provided that there exists another subspace N of X with X = M @, N, for 1 <
p < 00. Ly-summands and L;-summands are sometimes called M-summands and
L-summands, respectively. It is not hard to check that all L,-summand subspaces
must be closed, and thus they will be complemented in Banach spaces.

A vector x € Sx is called an L,-summand vector of X when Rz is an L,-summand
subspace of X.

Lemma 1.3.5 Assume that M and N are topologically complemented in X. Then:
1. bps (M) and bps (N) are topologically complemented in bps (X).

2. 1If, in addition, X = M@« N, then bps (X) = bps (N) Do bps (M) when bps (X)
is endowed with the norm (1.2.1).

Proof.

1. Let P: X — M be a continuous linear projection with ker(P) = N. It is not
hard to check that

bps (X) — bps (M)
@n)new = (P (Tn))pen

is well defined and a continuous linear projection of norm || P|| whose kernel is

bps (N).
2. Simply notice that if (z;),.y € bps(X) and z; = m; + n; with m; € M and
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n; € N for all i« € N, then

l@dienll = sup|>
i=1
k k
= sup g m; + E n;
ReN =1 i=1
k k
= Sup | max E m;ll , E n;
ken i=1 i=1
k k
= max{ sup g m;|| , sup E n;
keN || keN ||“=3

I

[(n)iend|}

= max { H(mi)ieN

U

Lemma 1.3.6 If ko is an isolated point of a compact Hausdorff topological space K ,
then X(r} 5 an Loo-summand vector of C (K).

Proof. Let ky € K be an isolated point. Notice that x(x,} € Sc(x), ok € Sc(k)*

ko (X{ko}) =1, and
C (K) = Rxqxo) @ ker (g, ,

where x(x,} denotes the characteristic function of {ko} and d;, is the evaluation
functional. Let f € C (K) and write

f=F ko) Xroy + (f = f (Ko) Xio} ) -

Then we have that

1flle = max|f[(K)
= max {|f (ko)|, max |f| (K \ {ko})}
= max {[|f (ko) xro || oo - [1F = F (ko) Xgrop[| o} -

This shows that Xk, is an Lo-summand vector of C (K). O

We remind the reader that an object A of a category C is said to be H-injective,
where H is a class of morphisms of C, provided that the following conditions holds:
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If B,C € ob(C), h € mor(B,C)NH and g € mor(B, A), then there is f € mor(C, A)
such that f oh =g. When H = mon(C), the class of monomorphisms of C, we call
A an injective object.

As expected, injective Banach spaces are injective objects of the category of Banach
spaces. A Banach space X is said to be 1-injective if it is an injective Banach space
and the operator f preserves the norm of the operator g in the definition right above.

We refer the reader to [58, 69| for a wide perspective on injective Banach spaces. A
Banach space X is 1-injective if and only if X is isometrically isomorphic to a C (K)
for some extremally disconnected compact Hausdorff topological space K (see |26,
Page 123]).

1.4 Measure theory

1.4.1 Spaces of bounded measurable functions

Recall that a Boolean algebra is a subset A of the power set P(2) of a non-empty
subset () verifying that

e Jc A,
o if Ac A, then Q\ A€ A, and
e if C C A is finite, then N C € A.

If the last condition holds for countable subsets of A, then we are talking about
o-Boolean algebras.

If F is a o-Boolean algebra, then B (F) stands for the Banach space of bounded,
F-measurable, scalar-valued functions equipped with the sup norm; Bg (F) denote
the dense subspace of B (F) consisting of all simple functions. Observe (see [59]) that
B (F)" may be represented as the space of all scalar-valued finitely additive measures
on F with bounded variation norm (note that throughout this book we only work

with real spaces and a real-valued measure has bounded variation norm if and only
if it is bounded).

According to [30, 59], if F is a o-Boolean algebra, then the following theorems hold
for F:
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e Vitali-Hahn-Saks (VHS). A sequence (fi,),,cy in B (F)” so that (i, (A))

converges for every A € F is uniformly strongly additive.

neN

¢ Grothendieck (G). A sequence (i), .y in B (F)", that converges weakly-star,
converges weakly. In other words, B (F) is a Grothendieck space.

e Nikodym (N). A family M C B(F)", such that {u (A) : p € M} is bounded
for every A € F, is uniformly bounded. In other words, Bs (F) is barrelled.

Following Schachermayer (see [59]), we will say that a Boolean algebra F verifies
the properties VHS, N, or G if the corresponding theorem holds on F. According
to Schachermayer (see [59]), Diestel, Faires, and Huff prove in 1976 that a Boolean
algebra has VHS if and only if it has N and G (see [31]).

On the other hand, note that B (F) may be naturally identified with C (T"), where T’
is the Stone space of F. This identification makes B (F) correspond to Cy (T"). The
properties N and G can be reformulated in terms of T" as follows:

1. F enjoys N if and only if Cy(T"), the subspace of C(T) of all finite-valued
functions, is barrelled.

2. F enjoys G if and only if C (T) is a Grothendieck space.

By ¢ (N) we intend to denote the Boolean sub-algebra of P (N) consisting of the
finite/cofinite subsets of N. As in [8] we will say that a Boolean sub-algebra F of
P (N) is a natural Boolean algebra if ¢ (N) C F. If we let T" stand for the Stone
space of a natural Boolean algebra F, then C (T') may be linearly and isometrically
identified with a closed subspace of /., containing ¢q in virtue of [59].

There exists a non-reflexive Grothendieck closed subspace of /., containing ¢y but
failing to have a copy of f,. To show this, we remind the reader that Haydon
(see [44]) comstructs, by using transfinite induction, a natural Boolean algebra F
containing {{i} : « € N} and such that the corresponding C (7"), when identified with
a closed subspace of /., containing ¢y, is Grothendieck and fails to have a copy of

loo.

1.5 Convergence theory

The most general concept of convergence takes place in the category of pre-ordered
spaces through two mainstream objects: nets and filters. We remind the reader that
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a pre-ordered space is a pair (A, <) such that A is a non-empty set and < is a pre-
order on A, that is, a binary relation on A which is reflexive and transitive. Notable
subsets of pre-ordered sets are

ta={reA:a<z}and la:={re Az <a}.

Other notable subsets are the so called coinitial and cofinal subsets, that is, B is
coinital (cofinal) in A provided that for all @ € A we have that B N | a # O

(BNtTa#9).
If (A, <) is a pre-ordered space, then the binary relation given by

R:={(a,b) e AxA:a<bandb<a}

is an equivalence relation on A. It is immediate to observe that < induces a partial
order on A/R.

1.5.1 Nets and filters

A net is a map from a directed space into a non-empty set. A directed space is a
pair (D, <) where D is a non-empty set and < is an upward directed pre-order. We
remind the reader that a pre-order is upward directed provided that for all x, y there
exists z with z > x and z > y. Trivial examples of directed spaces are the totally
ordered sets.

Given a net v : D — X, a subnet of v is anet A : £ — Y in such a way that
for all d € D there exists e € E with A(Te) C v (1d). Equivalently, E; :=
{e€e E:X(te) Cy(Td)} # @ for every d € D.

Proposition 1.5.1 Ifv: D — X is a net, o : E — D is increasing, and a(E) is
cofinal in D, then A\ :==yoa: E — X is a subnet of 7.

Proof. Fix d € D. By hypothesis, there exists e € F such that a(e) > d. As a
consequence, « (1 e) C 1 ale) C1d. Finally, v (a(Te)) C v (14d). O

We will prove now an approach to the converse of the previous proposition. We will
need to define the following sets, E/, := {e € Eq: A(e) = y(d)} and D' ={d € D :
E, #+ o}.

Proposition 1.5.2 Assume thaty: D — X is a net and A\ : E —Y is a subnet.
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1. If D is well ordered, then D' is cofinal in D.

2. If both D and E are well ordered, then there exists a subset E' of E and a map
B : D' — E' such that Ao f = .

Proof.

1. Fix dy € D. By hypothesis, we can find d; := min{d € 1 dy : thereise €
E4, with X(e) = ~(d)}. It is obvious that d; > dy. We will show that d; € D’.
Indeed, let e € E4, with A(e) = v(d1). Note that A (Te) C v (1 dy). If there
exists e; € 1 e and dy € T dp\ 1 dy with A(e;) = 7v(dz), then, by minimality,
dy < dy which contradicts the fact that dy & 1 d;. As a consequence, A (1 e) C
v (T dy). This implies that e € £ # @ and thus d, € D".

2. For every d € D', by hypothesis, there exists e4 := min(£/,). By the Axiom of
Choice there exists a set E’ whose elements are exactly all the ey’s. Now it is
possible to define the map

g: D — FE
d — [(d):=eqy.
Finally, A o § = . Indeed, A (5(d)) = A (eq) = v (d) because ¢4 € E.
U

We remind the reader that a subset F' of a partially ordered set P is said to be a
filter provided that

e [ is proper and non-empty;

e ['is downward directed, that is, for all z,y € F there exists z € F with z < x
and z < y;

e ['is upward closed, that is, if z € F, y € P and x <y, then y € F'.

Observe that if P has a minimum element, then no filter can have it. Notable
examples of filters are the so called p-principal filter for a fixed p € P, 1 p. Every
filter trivially verifies that

F=J1tr

peF

It is also immediate to note that if a filter is finite, then it is contained in a p-principal
filter.
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Maximal elements of the set of filters are called ultrafilters. The existence of ultra-
filters is guaranteed by the Zorn’s Lemma.

Proposition 1.5.3 p is a minimal element if and only iof T p is an ultrafilter.

Proof. Let F be a filter containing 1 p and suppose to the contrary that we can
find y € F\ T p. Notice that p,y € F therefore there exists z € F with z < p and
z < y. By hypothesis, z = p and thus p < y, which implies the contradiction that
y € T p. Conversely, if 1 p is an ultrafilter and y < p, then T p C 1 y, so they must
be equal by hypothesis and thus y € 1 p, which means that p < y. U

As a direct consequence of the previous proposition we have that if P is finite, then
every ultrafilter is p-principal for p minimal.

In case B is a subset of P verifying the first two conditions of the definition of filter,
then we will say that B is a filter base. Every filter base not containing the minimum
of P generates a filter:

J(B):={x € P: exists b € B with b < z}.

If X is a non-empty set, then the power set of X, P(X), can be partially ordered by
the inclusion, so we can consider filters of P(X), or more simply, filters in X. Notice
that a filter in X cannot contain the empty set since otherwise it would not be a
proper subset of P(X).

If F'is a filter in X, then F’ is said to be free provided that NF' = @. Filters which
are not free are called principal. It is well known that:

e A filter F' is principal if and only if there is A € P(X) \ {@} so that F' C 1 A.
e An ultrafilter F' is principal if and only if there is z € X so that F' =1 {z}.
e If X is finite, then all ultrafilters are principal.

e If X is infinite, then a filter is free if and only if it contains the Frechet filter,
that is, the filter given by

Fx :={AC X : X\ Ais finite}.
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1.5.2 Convergence in topological spaces

Recall that given a topological space X and an element x € X, the set of all neigh-
borhoods of x, N, is a filter in X called the neighborhood filter or neighborhood
system of x.

The most general setting convergence in topological spaces is defined in follows:
e A filter base B in X is said to be convergent to z if NV, C J(B).

o If f: M — X is just a function and B is a filter base in M, then Blim f =«
means that the filter base f(B) converges to z in X.

e If v: D — X is a net, then lim~ refers to Blim~y where B is the filter base
given by B:={td:d € D}.

It is not hard to show that if f: M — X is just a function and F is an ultrafilter in
M, then J (f (F)) is an ultrafilter in X. On the other hand, it is almost immediate
to check that a sequence in a topological space converges to a given element if and
only if it converges to that element through the Frechet filter.

Lemma 1.5.4 Let (z,), .y be a sequence in a topological space X and consider an
element x € X.

1. If (%),,cy converges to x, then Ulim x, = x for every free filter U of N.

2. IfUlim x,, = = for some free filter U of N, then x € cl ({z, : n € N}).
Proof.

1. Obvious since every free filter of N contains the Frechet filter.

2. If W is a neighborhood of z, then {n € N:z,, € W} € U, which means that
{n € N:z, € W} is infinite.

O

1.6 The motivation for this work

This thesis dissertation is simply an ongoing search for solutions to classical problems
in operator theory and in the theory of sequences and series.

33



1.6. THE MOTIVATION FOR THIS WORK CHAPTER 1. FRAMEWORK

1.6.1 Summing multiplier spaces with the Bade property

Our main interests in this topic are focused on proving or disproving the following
conjecture:

Conjecture 1.6.1 A closed subspace of {5, has the Bade property if and only if it
15 the summing multiplier space associated to some series in a Banach space.

Observe that the Corollary 3.1.7 already disproves the implication = of Conjecture
1.6.1. And Theorem 3.1.11 disproves the converse implication <. Then a new
question comes into play.

Question 1.6.2 For which series in Banach spaces does the corresponding associ-
ated summing multiplier space have the Bade property?

In Corollary 3.1.9 we show that every sc series provides a positive answer to the
previous question (even if the ambient space is simply a topological vector space).

1.6.2 Generalizations of Banach limits

There are mainly two questions on this topic. The first question reads as follows:

Question 1.6.3 Is there a conception of Banach limit for vector-valued bounded
sequences that coincides with the original concept of Banach limit when restricted to
scalar-valued bounded sequences?

We prove that the answer to the previous question is in fact positive (see Subsection
4.1.2). A second question then arises:

Question 1.6.4 Is there a vector-valued version of the Lorentz’s intrinsic charac-
terization of almost convergence?

With respect to this second question, we prove that one of the implications of the
Lorentz’s intrinsic characterization of almost convergence can be fully versioned for
vector-valued sequences (see 2 of Corollary 5.3.2).

We also show that the converse implication cannot be fully extended to the vector-
valued case because there are Banach spaces free of vector-valued Banach limits (see
Example 4.2.4). This fact already implies a negative answer to this second question.
However, we have accomplished partial extensions of the converse implication (see
Section 5.3).
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1.6.3 Almost convergence extension of the Orlicz-Pettis The-
orem

In summability theory it is of a great interest to obtain extensions/generalizations
of the Orlicz-Pettis Theorem via different summability methods (see [3, 5, 11, 25]).
We list now several of these extensions:

e By means of subalgebras of P (N) in [8].
e By means of a regular matrix summability method in |7, 9].

We refer the reader to [21]| for a wide perspective on general matrix summability
methods. An unexpected characteristic of the almost convergence is that the almost
summability is not representable by any matrix summability method (see [21]). Thus,
it is legitimate to raise the following question:

Question 1.6.5 Is there a version of the Orlicz-Pettis Theorem for the almost con-
vergence?

We provide a positive solution to this question in Theorem 6.3.7.

1.6.4 Almost convergence extension of the Hahn-Schur The-
orem

It is also of a great interest in summability theory to obtain extensions/generalizations
of the Hahn-Schur Theorem via different summability methods (see [66, 67]). A
nice generalization via uniform convergence is due to Swartz (see Subsection 3.2.1).
Therefore, it is legitimate to raise the following question:

Question 1.6.6 Is there a version of the Hahn-Schur Theorem for the almost con-
vergence?

We provide a positive solution to this question in Theorem 6.4.4 and in Theorem
6.4.5.
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Chapter 2

The Krein-Milman property and the
Bade property

This chapter is a step forward on the ongoing search for the solutions to several open
problems on the Krein-Milman property and the Bade property.

The most interesting problem related to the Krein-Milman property is on determining
whether a Banach space enjoying the Krein-Milman property also has the Radon-
Nikodym property.

The main problem related to the Bade property is to determine when the summing
multiplier space associated to a given series satisfies the Bade property.

Other problems related to these topics and similar others have been recently consid-
ered in [37, 39, 41| and mostly deal with the structure of convex sets in topological
vector spaces.

2.1 The Krein-Milman property

The origin of the well-known and long-standing open problem of the possible equiva-
lence of the Krein-Milman property and the Radon-Nikodym property dates back to
the Summer of 1973 when Lindenstrauss (see, for instance, [35]) showed that every
Banach space having the Radon-Nikodym property also enjoys the Krein-Milman
property. In [45] the authors approach the above problem in the positive by prov-
ing that if a dual Banach space has the Krein-Milman property, then it also verifies
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the Radon-Nikodym property. We refer the reader to [57, Chapter 5, Section 5.4|
for a proper discussion of the problem about the Radon-Nikodym property being
equivalent to the Krein-Milman property.

Everything on this topic starts with the famous Krein-Milman Theorem (see [19]).

Theorem 2.1.1 (Krein and Milman, 1940; [49]) Each compact and convez sub-
set of a Hausdorff locally convex topological vector space coincides with the closed
convez hull of its extreme points.

This result motivated the definition of the Krein Milman property:

e A closed bounded convex set is said to have the weak Krein-Milman property
if it has extreme points.

e A closed bounded convex set is said to have the Krein-Milman property if it is
the closed convex hull of its extreme points.

e A topological vector space is said to have the (weak) Krein-Milmam property
when every closed bounded convex subset enjoys the (weak) Krein-Milman

property.

We remind the reader that a Hausdorff locally convex topological vector space is
called subreflexive provided that for every bounded closed convex subset C' of X the
supporting functionals on C' are dense in X* endowed with the C-sup pseudo norm.
Examples of subreflexive Hausdorff locally convex topological vector spaces are all
the Banach spaces in virtue of the famous Bishop-Phelps Theorem.

Theorem 2.1.2 In the class of subreflexive Hausdorff locally convex topological vec-
tor spaces, the Krein-Milman property and the weak Krein-Milman property are equiv-
alent.

Proof. Let X be a subreflexive Hausdorff locally convex topological vector space
with the weak Krein-Milman property. Let C' be a closed convex subset of X. Sup-
pose to the contrary that there exists ¢ € C'\ @(ext(C)). By the Hahn-Banach
Separation Theorem, there exists f € X* such that f(c) > sup f(co(ext(C))) =
sup f(ext(C)). By the subreflexivity of X, there exists g € X* such that exp,(C) :=
{deC:g(d)=supg(C)} # @ and

F(e) —sup f (ext(C))
2

[fle —glelle <e:=
By hypothesis, there exists e € ext (eng(C’ )) Notice that exp,(C') is a face of C' and
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so ext (exp,(C)) C ext(C). As a consequence, we reach the following contradiction:

sup g(C')

g(c)

fle)—e¢

sup f(ext(C)) + ¢
fle)+e

g(e)

g(e)

I v v

\ARLY}

U

Examples of topological vector spaces verifying the Krein-Milman property include
all Banach spaces with the Radon-Nikodym property (in particular, all reflexive
Banach spaces).

2.1.1 Topological impact

An immediate consequence of Theorem 1.1.1 is that the Krein-Milman property
forces the spaces that have it to be Hausdorff.

Corollary 2.1.3 If a topological vector space enjoys the weak Krein-Milman prop-
erty, then it vs Hausdorff.

2.1.2 Algebraic impact

In [41, Lemma 5.5] it is shown that if X is a topological vector space and (ey),, ey € X
is a linearly independent sequence, then the set

> 1
M = {Z Anen t (An)pen € Coo and [N, ] < o for all n € N}
n=1

satisfies the following:

e M is absolutely convex but free of extreme points.

e If (en),cy is bounded, then M is bounded.
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e If there exists a biorthogonal system (e;, €j),.; C X x X* such that (e,,), oy C
(€i);er> then M is closed in span {e; : i € I}.

Theorem 2.1.4 If X s a first-countable Hausdorff locally convex topological vector
space with the weak Krein-Milman property, then the cardinality of a Hamel basis of
X s uncountable.

Proof. Suppose to the contrary that the dimension of X is countable. In accordance
with Theorem 1.2.8, there exists a biorthogonal system (e, e};), oy € X x X* such
that X = span{e, : n € N}. Since X is first countable, there exists a countable
nested basis of balanced and absorbing neighborhoods of 0, so we may assume that
(€n)yen 1s convergent to 0 and hence bounded. Finally, by applying [4], Lemma
5.5], we deduce the contradiction that the set M defined above does not have the
Krein-Milman property. U

2.1.3 A simplified reformulation

The idea for an equivalent reformulation of the Krein-Milman property is not having
to check all the bounded closed convex subsets (see [39, Section 3|). For this we need
to extend the concept of extreme point to non-convex sets.

Theorem 2.1.5 The following conditions are equivalent for a subreflexive Hausdorff
locally convex topological vector space X :

1. X has the Krein-Milman property.
2. If M C X 1is closed, bounded, and conver and x € X \ M, then

ext (co(M U{z}))\ {z} # 2.

3. If M C X is closed, bounded, and convex and 0 ¢ M, then ext (ba (M)) # @.
Proof.

1= 2 Let M C X be closed, bounded, and convex and consider x € X \ M. Since
co (M U {z}) is closed, bounded, and convex, by hypothesis we have that

co (M U {z}) =70 (ext (co (M U{z}))).
If ext (co (M U {z})) = {z}, then
co (M U{x}) = o (ext (co(M U{x}))) = {z},
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which is impossible since = ¢ M. As a consequence,

ext (co(M U {x})) \ {2} # @.

2= 3 Let M be a closed, bounded, and convex subset of X not containing 0. We
have that
ba (M) =co(M U{0})Uco(—M U{0}).
By hypothesis,
ext (co (M U{0})) \ {0} # &,

so it only remains to apply Lemma 1.1.7.

3= 1 Let M be a closed, bounded, and convex subset of X. By making a translation
if necessary, we can assume without any loss of generality that 0 ¢ M. By
hypothesis we have that ext (ba (M)) # @. Finally, in virtue of Lemma 1.1.7,
we deduce that ext (M) # @.

O

2.2 The Bade property

As we mentioned at the beginning of this chapter, a very interesting question is to
determine for which series ) x, does S (D x,) have the Bade property. According
to |29, 32|, the summing multiplier space associated to an uc series in a Banach space
has the Bade property. As far as we know, these are the only known examples of
series whose associated summing multiplier space has the Bade property.

We have to go back to Bade’s dissertation in order to find the origins of the Bade
property (see [24]).

Theorem 2.2.1 (Bade, 1950; [24]) A Hausdorff compact topological space K is
0-dimensional if and only if C (K') has the Bade property.

Based upon the previous definition, a semi-normed space X is said to have the
Bade property provided that By satisfies the Krein-Milman property, that is, Bx =
co (ext (B X))

An example of a Banach space enjoying the Bade property but not the Krein-Milman
property is ¢g with an strictly convex renorming (see [26, Chapter VII. Theorem

1(a)])-
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2.2.1 Topological impact

The Bade property has a similar impact on the topology as the weak Krein-Milman
property does.

If X is a semi-normed space and n € X is so that ||n|| = 0, then ||m + n|| = ||m|| for
all m € X. Indeed, observe that

[l = [llmll = |=nll] < flm + nll < {lm[| + [In]| = [m]].

Theorem 2.2.2 If X is a non-Hausdorff semi-normed space, then Bx is free of
extreme points.

Proof. Define N := {z € X : ||z| = 0}. In accordance with Theorem 1.1.1, N is
a bounded closed vector subspace of X whose induced topology is trivial and is
topologically complemented with any subspace with which it is algebraically com-
plemented. Let M be an algebraical complement for N in X. We will show now
that Bx is free of extreme points. Let x € Bx. There are m € M and n € N
such that x = m + n. By the observation right above, ||z|| = ||m|| = ||m + 2n]|, so
m,m + 2n € Byx. Finally,

1 1
x:§m+§(m+2n),

so x ¢ ext (Bx). O

Corollary 2.2.3 FEvery semi-normed space with the Bade property is Hausdorff.

2.2.2 Algebraic non-impact
The Bade property has no algebraic impact whatsoever on the dimension like the
weak Krein-Milman property does (recall Theorem 2.1.4).

Proposition 2.2.4 FEvery countably infinite dimensional normed space X can be
equivalently renormed to enjoy the Bade property.

Proof. Since X is separable, it is well known that X admits an equivalent rotund
renorming (see for instance |26, Chapter VII. Theorem 1(a)] or [27]). As a conse-
quence, X enjoys the Bade property endowed with this equivalent norm. 0
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Chapter 3

Multipliers

Multipliers in the context of series refers to bounded scalar sequences which make a
vector-valued sequence summable under multiplication.

The summing multiplier spaces are involved in the extensions/generalizations of the
Orlicz-Pettis Theorem. And the multiplier spaces of summable sequences are in-
volved in the extensions/generalizations of the Hahn-Schur Theorem.

3.1 Summing multiplier spaces

These spaces consist of the multipliers associated to a given series in a topological vec-
tor space, and like we said right above will be involved in extensions/generalizations
of the Orlicz-Pettis Theorem.

3.1.1 The spaces S (> ;) and S, (>_ ;)

The reader should be familiar with the following spaces of sequences associated to a
given series, introduced for the first time in [56].

Definition 3.1.1 (Pérez-Fernandez et al., 2000; [56]) The summing multiplier
spaces associated to a series y . x; in a topological vector space are defined as:

e SO x;) = {(a;)ien € b : > ajx; converges}.
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o S, 0" x) ={(ai)ien € loo : Y a;x; w-converges} .

The elements of such spaces are called multipliers and this is why these spaces are
called summing multiplier spaces. Obviously,

coo &S (Z :BZ> C Su (Z xz> :
Proposition 3.1.2 If X is complete and (x;);en is bounded, then ¢ C S (D x;).
Proof. If suffices to notice that if (b;);eny € ¢1, then

D lbizll < llGaienlly | (@:ienll o

which means that > b;z; is ac. O

We refer the reader to [29, 32, 10, 56| for a wider perspective on the above spaces,
where the following results can be found:

e A normed space is complete if and only if for every series > z; the following
conditions are equivalent:

— > ax; is wuC.
— S (>_ ;) is complete.
-0 CSO ).
— Sy (O x;) is complete.
— g €Sy (O] xy).
e A series ) x, in a Banach space is cc and wuC if and only if ¢ C S (3~ ) € Lo

e A series >z, in a Banach space is uc if and only if S (D> ) =l

3.1.2 The space S, (3 z7)

If we consider the dual of a topological vector space endowed with the w*-topology,
then we can define w*-summing multiplier spaces.

Definition 3.1.3 (Pérez-Fernandez et al., 2000; [56]) The summing multiplier
space associated to a series »  x} in the dual of a topological vector space is defined

as
Sy (Z xf) = {(ai)ieN €l : Z a;x; w*—converges} )
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Obviously,

s ) csn () s ().

3.1.3 Extremal properties

Throughout the whole of this section, X will stand for a topological vector space
unless otherwise stated. And if Y x,, is a series in X, then we will let S := S (3_ ).
Lemma 3.1.4 ext (Bs) = Bs Next (By).

Proof. Obviously, ext (Bs) 2 Bs Next (By, ). Let (e,),cy € ext (Bs) and assume

that there exists ny € N such that |e,,| < 1. Take § := 1_% > 0 and consider the
sequences (ay), ey Y (bn),cy defined by:

En if n §£ No,
ap =

5n0+5 if n = ny,

and
b = En if n # No,
T ey — 0 i n=ny.
Finally, observe that (ay), oy, (bn),cy € Bs and

1 1
(5n>neN = B) (an)neN + B (bn)neN'

Lemma 3.1.5 The following conditions are equivalent:
1. > x, is convergent.
2. ext (B.) C ext (Bs).
3. ext (B,) Next (Bs) # 2.

Proof.

1 = 2 Observe that ) —x, is also convergent. If (¢,), .y € ext (B.), then one of the
two sets {n € N:¢, =1} and {n € N: ¢, = —1} must be finite. In either case
we have that (&,),.y € ext (Bs).

2 = 3 Obvious.
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8= 1 Let (g,),en € ext (B.) Next (Bs). Again one the two sets {n € N: ¢, = 1} and
{n € N:¢e, = —1} must be finite. So we deduce that either »_ z, or > —z, is

convergent.
O
Theorem 3.1.6 If > x, is convergent, then:
1. ¢ Ccl(S).
2. If, in addition, > x, has a non-trivial convergent subseries, then ext (B.) C
ext (Bs).
Proof.

1. In accordance to Lemma 3.1.5, we have that ext (B.) C ext (Bs), therefore
B. = co (ext (B.)) C @0 (ext (Bs)) C cl(S),

in virtue of the fact that ¢ has the Bade property (see [16]).

2. There exists N C N infinite such that M := N\ N is also infinite and
Y nen Tn is convergent. Observe that in this situation ), x, is also con-
vergent. Consider the sequences (xn (7)),cy and (Xar (n)),cny Where xy and
Xn denote the characteristic functions of N and M, respectively. Note that

(xn (n) = xar (n)),,en € ext (Bs) \ ext (B.).
O

Corollary 3.1.7 In a Banach space no series verifies that c = S.

Proof. Suppose ¢ = §. According to Lemma 3.1.5, >z, is convergent and thus
(Tn),eny must tend to 0, therefore a non-trivial subsequence (x,,), .y can be found in
such a way that _ z,, is ac and therefore uc. We apply now 2 of Theorem 3.1.6 to
reach a contradiction. U

Lemma 3.1.8 The following conditions are equivalent:
1. > x, is sc.
2. ext (Bgoo) = ext (BS)

3. % (gn)nEN + % (6n)n€N € S fO?“ every (gn)neN ) (6")neN € ext (B&X,)-

46



CHAPTER 3. MULTIPLIERS 3.1. SUMMING MULTIPLIER SPACES

Proof.

1= 2 Let (g,),ey € ext (By,, ). Denote
M, ={neN:¢g, =1} and M_:={neN:¢g, =—1}.

Observe that

oo
E Enly = E Ty — E Tp.
n=1

neM, neM-_
2 = 3 Obvious.
8 = 1 Let M be a subset of N. It suffices to consider (e,),, oy and (d,),, oy given by
o { L ifneM
" -1 ifneN\M
and 0,, := 1 for all n € N. Observe that

Z T, = i (%% + %5,1) T,

neM n=1

Theorem 3.1.9 If ) x, is sc, then l, = cl(S) and S enjoys the Bade property.

Proof. In accordance to Lemma 3.1.8, we have that ext (B, ) = ext (Bgs), then we
have that
B, =0 (ext (B, )) =0 (ext (Bs)) C cl(S),

in virtue of the fact that /., has the Bade property (see [16]). O

Lemma 3.1.10
1. Ifext (Bs) # @, then (z,),y converges to 0.
2. If (xn),cn has no subsequences converging to 0, then S C .

3. If > x, has a subseries Y x,, which is subseries convergent, then S is not
separable.

Proof.
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L. Let (en),eny € ext(Bs). Then ) e,x, is convergent, so lim, . ez, = 0.
Since there exists a filter base of balanced and absorbing neighborhoods of 0,
we deduce that lim,,_, z, = 0.

2. Consider (an),.y € S\ co. There exists a subsequence (ap, ).y such that
a := inf{|a,,|: k€ N} > 0. Since > a,x, is convergent, we deduce that
(anp), ey converges to 0 and so does (an, p, ), ey We will show that (2, ),y
converges to 0. Let U be a balanced and absorbing neighborhood of 0. There
exists ky € N such that if & > ko, then a,,x,, € aU. Since U is balanced, we
conclude that x,, € U for every k > k.

3. It suffices to notice that

{(XN (M))pen : N C {ni 1 k € N}}

is an uncountable family of elements of S the distance between every two
elements of which is 1.

U

Theorem 3.1.11 If X is a reflexive Banach space, then there exists a wuC' series
> xy, in X such that S does not have the Bade property.

Proof. By the reflexivity of X, there exists a weakly null sequence (y,)nen C Sx-
Observe that (y,)nen is not a Cauchy sequence, therefore, by passing to a subsequence
if necessary, we may assume that there exists € > 0 such that ||ye, — yon_1]| > € for
all n € N. Define z,, := 9,41 — y, for all n € N. Note that 22:1 Ty = Yks1 — Y1, SO
w Y x, =y and thus Y x, is wuC. Finally, (2, ),en is not convergent to 0 and thus
ext(S) = @ in accordance to 1 of Lemma 3.1.10. O

Lemma 3.1.12 If X is a Banach space and (x,)nen has a subsequence convergent
to 0, then > x, has a subseries which is uc.

Proof. We may assume without any loss of generality that (z,),en has a subse-
quence (2, ),y in such a way that ) z,, is ac. Therefore, ) z,, is uc as well. [

Theorem 3.1.13 Assume that X is a Banach space. Then:

1. If (Tn),en ha a subsequence converging to 0, then S has a complemented sub-
space linearly isometric to {o,.
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2. (Tn),en has no subsequences convergent to 0 if and only if S is separable.
Proof.

1. By applying Lemma 3.1.12 we deduce that (z,)
whose associated series is uc. Then

nen has a subsequence (7, ), oy

{(atn),en € loo : iy = 0 for all n € N\ {ny : k € N}}
is a complemented subspace of § linearly isometric to (.

2. Tt is a direct consequence of 1 of this theorem and 2 of Lemma 3.1.10.

O

Recall that no series Yz, in a Banach space X satisfies that S (> z,) = ¢ (see
Corollary 3.1.7). Other closed subspaces of ¢, with the Bade property can be con-
structed not be associated with any series.

e A subset C' of /, is said to satisfy the first-terms property when C' + ¢og C C.

e A vector subspace of /, verifies the first-terms property if and only if it contains
Coo-

e S(> x,) always verifies the first-terms property.

Theorem 3.1.14 If we let A := {(c,),cy € ext (Be) : €2, = 1 for all n € N}, then
span (A) is a closed subspace of ly, enjoying the Bade property but failing the first-
perms property. Even more, span (A) is linearly isometric to R @4 loo -

Proof. In the first place, notice that the closed convex hull of A and the closed
absolutely convex hull of A are

@ (A) = {(en)pen € Beo 1 €2, =1 for all n € N}

and
aco (A) = {(n) ey € Bro ¢ (€20),,en s constant }

respectively. Therefore, aco (A) = @ (AU —A) and both €6 (A) and aco (A) are
closed. On the other hand,

span (A) = {(en),en € loo * (€20),,cy 18 constant }
is also closed and its unit ball is aco (A). Furthermore,

ext (aco (A)) = AU —A,
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therefore span (A) has the Bade property. Finally, in order to see that span (A) is
not the space of convergence of any series it is sufficient to realize that span(A) does
not contain cyg. L]

Theorem 3.1.15 Let
B = {(en),en € ext (By.) : exists ng € N such that ez, =1 for all n > ng} .
Then span (B) wverifies the following:

1. It contains c, satisfies the first-terms property, and enjoys the Bade property.
Even more, Span (B) is linearly isometric to ¢ @u loo-

2. It is not the space of convergence associated to any series in a Banach space.

Proof. Notice that

@ (B) = {(en)nen € Bro : (€20),ey converges to 1},
aco (B) = {(en)nen € Bre t (€20),cy is convergent},
spal (B) = {(en),en € oo : (€20),,cn 1S convergent} .

Assume to the contrary that »_ x, is a series in a Banach space X verifying that
S (> x,) =span (B). Let M := {2n : n € N}. Note that (xas (1)), oy € Span (B) =
S (D_wn). Therefore ) 29, is convergent and there exists a subsequence (an,)ycn
such that Y~ | za,, is absolutely convergent and hence unconditionally convergent.
As a consequence,

{(atn), e € loo : iy = 0 for all n € N\ {2n, : k € N}}

is a closed subspace of S (> x,,) = span (B) linearly isometric to ¢y. This is a con-
tradiction with the construction of span (B). O

3.1.4 Uniform summability
By means of the uniform summability we will be able to characterize unconditional
convergence in Banach spaces.

Definition 3.1.16 A series Y x, in a Banach space X is called uniformly conver-
gent (ufc) in M C S (> x,) if for every e > 0 there exists kg € N such that for every
k> ko and every (an), ey € M we have that |37 any,|| < €.
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Lemma 3.1.17

1. If Y- @y is ufc in M, then it is ufc in aco (M).

2. If (Tn)nen € loo(X) and > x,, is ufc in M, then it is ufc in cly (aco (M)).
Proof.

1. Tt is a straightforward proof.

2. Fix ¢ > 0. There exists kg € N such that for every k£ > ky and every
(an)pen € aco(M) we have that || 07, a,z,| < €/2. Fix an arbitrary
(bn)nen € cly (aco (M)). There exists (a,)neny € aco (M) such that (b, —
an)nen € WBh Then for every k > ky we have that

nEN”

anzn < Z (b, — ap)x Zanzn
n=~k n= n==k
5
< [[(@n)nenlloe (o = an)nenlly + 5
< e.

O

Theorem 3.1.18 The following conditions are equivalent for a convergent series
> x, in a Banach space X :

1. >z, is uc.
2. > x, is ufc on ext (Bg).
Proof.

1 = 2 Suppose to the contrary that the series > z, is not ufc in ext (B,_). There
exists d > 0 such that for every ¢ > 1 there are j > i and (e’:‘g )> € ext (By,)
neN

verifying that HZ Dz,
quence of indices

> 0. We can consider a strictly increasing se-

<k <ig<ky < <y <ky<ijy <---

satisfying that

S,

n=i;
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and
kj 5
> D, > > (3.1.1)
n=t;
for every j € N. Next, we will construct a sequence (&,),.y € ext (B, ) as
follows:
o If i € [ij, k;] for some j € N, then g; = 52(-j).
e The rest of the g;’s can be either 1 or —1.
Clearly > g,x, is not a Cauchy series, so > x,, is not uc.
2 = 1 Assume to the contrary that ), is not uc. There exists (,),.y € ext (Bs)

such that > 7 | &,2, does not converge. Then there exists ¢ > 0 such that for

every ¢ € N we can find p > ¢ verifying that HZf: ,Eii|| > 0. Following an

inductive process we can construct a strictly increasing sequence of naturals
Pr<p2<--<pPp<--

1 > 0. Since Y 7 x,
is convergent, there exists ny € N such that for every n > ny we have that

1550, @] < $. Next, for every k € N we choose p,, > max {ng, k} and define

a sequence <oz£f)> as follows:
neN

such that for every n € N we have that H Prtl e

(k) _ Eny it n € {pnk + 17 cee 7pnk+1}
o, = .
]'7 1f nEN\{pnk_l_la?pnk-i-l}

Observe that (agk)) € ext (Bs) for every k € N. Now, if j = p,, + 1, then
neN
7 >k and

o0 Png+1 00
g ol = g € + E Z;
i i = il i
=7 i:pnk +1 i:pnkal
Prg+1 [e’)

AV
(]
O
=
(]
=
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This is a contradiction.

The final corollary clarifies the relation between ufc series and the Bade property.
Corollary 3.1.19 Ewvery ac series in a Banach space is ufc in By .

Proof. In the first place, keep in mind that every ac series Y x,, in a Banach space
is uc and thus S (> x,) = lw. In accordance to Theorem 3.1.18, _ x, is ufc on
ext (By,.). By I of Lemma 3.1.17, ) x,, is ufc on co (ext (By_)). Since { enjoys the
Bade property, we only need to show that ) x,, is ufc on o (ext (B, )). Fix € > 0.
There exists ko € N such that for every k& > ko and every (a,), oy € co (ext (By.,))
we have that [|>07, a,2,|| < /2. Fix an arbitrary (b,),en € @0 (ext (B, )). There

exists (an)neny € co (ext (By,)) such that (b, — an)nen € mng. Then for
every k > ko we have that
n=k n=k n=k
€
< [[(@n)nenlly [1(0n = an)nenllo + 5
< e
OJ

3.2 Multiplier spaces of summable sequences

This second section is merely introductory. Our results on this topic involve almost
summability, so they appear in the fifth mainmatter chapter. However, we decided
not to put this section in the framework and leave it here for the sake of completeness
of this second mainmatter chapter.

We remind the reader that the multiplier spaces of summable sequences are the ones
involved in the extensions/generalizations of the Hahn-Schur Theorem.

93



3.2. MULTIPLIER SPACES OF SUMMABLE SEQUENYIHER 3. MULTIPLIERS

3.2.1 The spaces X (S) and X, (S)

We have seen the summing multiplier spaces associated to a given series. Now it
is the turn of the multiplier spaces of summable sequences, that is, vector-valued
sequences which become summable by means of multipliers.

Definition 3.2.1 (Swartz, 2000; [66]) If X is a topological vector space and S
15 a subspace of U, then the S-multiplier spaces of summable sequences of X are

defined as:
o X (8):={(zi)ien € X : Y asz; converges}.
o X, (S) == {(z:)ien € XV : Y a;z; w-converges}.

According to |66, 67], if X is a Banach space and S is a closed subspace of /,, then
the above spaces are complete when endowed with the norm

‘}(zi)ieN‘}m = sup { Zaix,-

Notice that || (xi)ieNHoo < (xi)ieNHm. In [66] the author proves the following version
of the Hahn-Schur Theorem.

:n €N, |ai|§1,i€{1,...,n}}. (3.2.1)

Theorem 3.2.2 (Swartz, 1983; [66]) If X is a Banach space and (x™)pen 1S a
m exists in X for each (a;)ien € oo,

sequence in X ({s) such that lim, .oy o) a;x}
then there exists 1° € X ({s) such that lim, o ||[2" — 2%, = 0 in X (o).

Extensions of the previous theorem have been obtained in |7, 8, 11] for wuC series.

3.2.2 The space X. (S)

In a similar way we can define multiplier spaces of w*-summable sequences in duals
of topological vector spaces.

Definition 3.2.3 (Swartz, 2000; [66]) If X* denotes the dual of a topological vec-
tor space and S is a subspace of ly,, then the S-multiplier space of w*-summable
sequences of X* is defined as:

Xro(S) = {(If)z‘eN e (XN Zaix;‘ w*—converges} :

If X is a Banach space and S is a closed subspace of /., then the above space is
complete endowed with the norm given in (3.2.1).
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Chapter 4

Vector-valued Banach limits

The classical (scalar-valued) Banach limits are simply an application of the Hanh-
Banach Extension Theorem to the limit function on the Banach space of all con-
vergence sequences (see |20, p. 34]). There have been some partial attempts of
extending the concept of Banach limit to the vector-valued case (see [55, 47, 48]).
Other studies on scalar-valued Banach limits are due to Semenov and Sukochev (see
[61]) where they consider invariant Banach limits and show the existence of a Banach
limit B such that B = B o H for all H in a subset of all bounded linear operators
on {4, of easy verifiable sufficient conditions.

4.1 Scalar-valued and vector-valued Banach limits

A characterization of scalar-valued Banach limits gives us the option to extend that
concept to the scope of vector-valued sequences. The idea is to equivalently refor-
mulate Definition 4.1.1 in order to remove the positivity.

4.1.1 The classical definition of a Banach limit

In his 1932 book Théorie des opérations linéaires (see |20, p. 34|) Banach extended
in a natural way the limit function defined on the space of all convergent sequences
to the space of all bounded sequences.
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Definition 4.1.1 (Banach, 1932; [20]) A linear function ¢ : { — R is called a
Banach limit when:

1. @ is positive: ¢ ((xn)neN) >0 if (Tn),en € oo and x, > 0 for alln € N,

2. ¢ is invariant under forward shifts: ¢ ((2n),en) = @ ((@nt1)pen) i (Tn)pey €
lso, and

3. ¢ is unital: ¢ (1) =1, where 1 denotes the constant sequence of term 1.

Banach noticed that a linear function ¢ : {, — R is a Banach limit if and only if ¢ is
invariant under the forward shift operator on /., and liminf,, ,,, x, < ¢ ((:L’n)neN) <
limsup,, ., =, for all (z,),.y € fx. As a consequence, every Banach limit ¢ :
(o — R verifies that ¢|. = lim and ||¢| = 1. Therefore, Banach limits are norm-1
Hahn-Banach extensions of the limit function on ¢ to ¢.

4.1.2 Motivation for vector-valued Banach limits

The following simple lemma is crucial to extend the classical Banach limits to the
vector-valued case.

Lemma 4.1.2 Consider a linear function ¢ : o — R. If Y has norm 1 and is
unital, then 1 is positive. As a consequence, ¥ is a Banach limit if and only if
Y € Sy, N L.

Proof. Simply observe that if (z,),.y € S, With z, > 0 for all n € N, then
(1 =), ey € Br., and hence

1=9 (1) =1 ((x")neN) + ((1 - x")nEN) <v ((xn)neN) + 1.
O

Now we are on the right position to define Banach limits for vector-valued sequences.

Definition 4.1.3 The set of vector-valued Banach limits on a normed space X is
defined as B (X) := Sy, N Lx.

For convenience, & := % (R). As a direct consequence of Proposition 1.3.1 together
with Corollary 1.3.2, we obtain the following corollary. We recall the reader that
HB (lim) denotes the set of all norm-1 Hahn-Banach extensions of the limit function
on ¢(X) to the whole of £, (X).
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Corollary 4.1.4

1. If B(X) # @, then X is complete.
2. B(X)={p€eSny:px)=2x foralx e X}.
3. B(X)=By,NCLx.
4. B(X)=NxNHB(lim).
5

. B (X) is convex and closed when L ({« (X), X) is endowed with the pointwise
convergence topology.

Every vector-valued Banach limit trivially induces a scalar-valued Banach limit. In-

deed, if T' € #(X), then

lee — R
Mdner = @ (T (M) en))

where € Sy and 2* € Sy« can be chosen arbitrarily as long as z*(z) = 1.

4.2 Existence of vector-valued Banach limits

The class of normed spaces holding vector-valued Banach limits is indeed pretty
large. It is closed under arbitrary .-sums (see |10, Theorem 3|) and contains the
Banach spaces 1-complemented in their bidual (|12, Corollary 1]) and the 1-injective
Banach spaces (see |38, Theorem 2.3]).

4.2.1 Dual spaces

We will begin this subsection by making use of an ultrafilter technique to produce
vector-valued Banach limits in all dual Banach spaces (see [12, Corollary 2.1]). It
is fair to mention that this technique was first used in [48] although for different
purposes.

Theorem 4.2.1 For every Banach space X there exists a Banach limit ¢ € % (X*)
verifying that if (z},),cn € loo (X¥) is w*-Cesaro convergent to x* € X*, then

*

# (@) nen) = 2
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Proof. Consider any free ultrafilter F of N. Define
0 Lo (X*) —» X*
(3),en — Flim i B
n
Observe that:

e ¢ is well defined. Indeed, note that By~ (0, H(:L":L)neNHOO) endowed with the
w*-topology is compact and Hausdorff. When the ultrafilter F is pushed for-
ward by the sequence into B+ (0, }(x:)neNHoo), it becomes a filter base whose
induced filter is an ultrafilter. Since every ultrafilter in a compact Hausdorff

topological space is convergent to a unique limit, we deduce that
]+t
n

(x;kl)nENHoo)'

e ¢ is linear, continuous, and has norm 1. Indeed, from the previous item we
deduce that ||| < 1. In order to see that ||| = 1 it suffices to consider any
constant sequence of norm 1.

F lim

exists and belongs to Bx« (0,

® lex+) = lim. Indeed, if (2},),oy is a sequence in X* converging to z* € X,

then
(:)3’{ + - +x;§>
n neN

converges to x*, so

w*-converges to z* and hence
R e ol .
Flim=2t——— " — g
by 1 of Lemma 1.5.4.

e ¢ is invariant under the shift operator. Indeed, for every (z}),on € foo (X¥)
we have that

*

0 ((:L’;H — x;)n€N> = Flim Tni1 701

n
* *
(xn-l-l — I )
n neN
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o If (2}),cn € loo (X¥) is w*-Cesaro convergent to z* € X*, then

*

¥ ((xn)neN) =z

(:):’{+---+fo>
n neN

Indeed,

is w*-convergent to x*, so

4.2.2 Spaces 1-complemented in their bidual
In the first place, we would like to make the reader notice that if Y is a subspace of
Xand T € #(X), then Ty vy € A (Y) if and only if T' (/s (Y)) C Y.

The following trivial lemma, whose proof is obviously omitted, allows us to extend
Theorem 4.2.1 to the spaces which are 1-complemented in their bidual.

Lemma 4.2.2 IfY is a 1-complemented subspace of X and ¢ € B (X), then
l(Y) = Y
Whnewe = P (¢ (Wn)nen)
15 a Banach limit on' Y, where p : X — Y s a norm-1 linear projection.
Corollary 4.2.3 If a Banach space X is 1-complemented in X**, then B (X) # .
An example of a Banach space free of vector-valued Banach limits is due now.

Example 4.2.4 BL (¢y) = @. Indeed, if p € BL (cy), then the following map

p: les — Co
(yn>n€N — gp((y170707"'>7(y27y270707"'>7(y37y37y370707"')7"'>

1s a bounded linear projection, which is not possible since cq is not complemented in

loo.
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The next result in this section is both an approach to the converse of Corollary 4.2.3
and a generalization of Example 4.2.4. Its last item were originally stated in [?,
Theorem 2.2| under the hypothesis of X having a monotone Schauder basis. During
the revision of [?] for MathSciNet, Prof. Plichko relaxed the previous hypothesis to
the one of X being separable and enjoying the bounded approximation property.

Theorem 4.2.5 Let X be a Banach space.
1. If X is complemented in X**, then Nx N Lx # <.

2. If X is separable and has the bounded approzimation property and there exists
T € Ly, then X 1s complemented in its bidual.

3. If X is separable and has the metric approximation property and there exists
T € Sr(x),x) N Lx, then X is 1-complemented in its bidual.

Proof.

1. Tt follows immediately via combining Theorem 4.2.1 together with Lemma 4.2.2
(assuming of course that p is simply a projection).

2. Let (en),,cy be a Schauder basis for X with dual basis (e7), .. Consider T" € Lx
and define
P: X = X
e T (S0 () 6 )

It is not difficult to check that the previous map is a bounded linear projection
(of norm 1 in case (e,),oy is monotone and ||T'|| = 1). Indeed:

e In the first place, P is well defined since for every n € N we have that
Py ) = S a (e e
i=1

and ||P*|| = || P.||, where P, : X — span{ey,...,e,} is the usual projec-
tion.

e In the second place, it is obvious that P|x is the identity on X, which
already shows that P is a bounded linear projection with | P| < ||T|| M
where M is so that ||P,|| < M for all n € N.

3. Finally, if (e,), oy is monotone, then M = 1 and hence P has norm 1 in case
T e SL(&X,(X),X) NLx.
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O

From Corollary 4.2.3 and Theorem 4.2.5 we directly obtain the following corollary.
Corollary 4.2.6 Let X be a separable Banach space.

1. If X has the metric approximation property, then the following conditions are
equivalent:

e #(X)+o.
® Spx)x)NLx # 9.
o X is 1-complemented in its bidual.

2. If X has the bounded approximation property, then the following conditions are
equivalent:

e NxNLx # 2.

o Lx # .

e X is complemented in its bidual.
Scholium 4.2.7 Let X be a Banach space.

1. If X has a monotone Schauder basis, then the following conditions are equiva-
lent:

e #(X)+ 0.
® Spx)x)NLx # 9.
e X is 1-complemented in its bidual.
2. If X has a Schauder basis, then the following conditions are equivalent:
e NxNLx # 0.
o Lx # .

o X 1s complemented in its bidual.
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4.2.3 1-injective Banach spaces

We refer the reader to Subsection 1.3.1 for a wider perspective on 1-injective spaces
and related topics.

Theorem 4.2.8 If X is a 1-injective Banach space, then X (X) # &.

Proof. Consider the following operator:

clgoo(X)(bps(X))@X — X

(Tn)peny +X = (421)

Notice that, in virtue of 7 in Lemma 1.2.4, we have that

] = d (x, clex) (0ps (X)) < [[(@n)pen +%||

for all z € X and all (2,,),,cy € cle.(x) (bps (X)). Finally, Proposition 1.3.1 together
with Corollary 4.1.4 serve to assure that any norm-1 Hahn-Banach extension of the
operator given in (4.2.1) is an element of % (X). O

We recall the reader about [58, Corollary 1.3] where an example of a 1l-injective
Banach space is given which is not isomorphic to a dual space.

4.2.4 (. -sums

This section is aimed at showing that arbitrary ¢..-sums of spaces admitting vector-
valued Banach limits also admit such Banach limits.

Theorem 4.2.9 Let (X;),.; be an arbitrary family of Banach spaces such that there
exists p; € B (X;) for everyi € I. The map

0 b ((HieIXi)oo) - (HieIXi)oo
((x?)ief)neN = (‘Pi ((‘T?)neN))ieI

verifies that € B (([T;e; Xi) )

Proof.
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L Let ((27)ic),en € Yoo ((ILies Xi) ). Then:

| (@mad)ial|, = s lles (@)

oo

< sup [|(@7) en] |
el

= sup || (@)l
neN

= H ((I?)iel)nej\r

‘ o

This chain of inequalities shows that [|¢|| < 1. In the third part of this proof
we will show that ¢ is an extension of the limit function on ¢ (([],; Xi)oo) to

the whole of /., ((Hiel X,-)OO), which proves that [|¢]| = 1.

2. Let ((#1)ier) e € oo ((TTies Xi) ). Then:

(@) ) = (@ (@),
= (802‘ ((x?>n€N))i€I
= ¢ ((("E?)iel)neN) :

3. Let ((z?)iEI)neN € ¢((IT;e; Xi),,) converging to (2);c; € ([Tie; Xi)_. Ob-

serve that (z}'), oy converges to x; for all ¢ € 1. Then:

@ ((@)ier) ) = (@1 (@ner)) ey = (@)icr-

An immediate consequence of the previous theorem is the following corollary.

Corollary 4.2.10 If B (X) # &, then B (I« (A, X)) # & for every non-empty set
A.

We would like to make the reader notice that Theorem 4.2.9 works if we substi-
tute (Hiel X,-)C>O with the subspace of all (x;);c; with null coordinates except for a
countable number of them. However, Theorem 4.2.9 does not work with (®;c;X;)..

63



4.3. STRUCTURE OF THERAHTBGR BANAKCH ORMVAS.UED BANACH LIMITS

4.3 Structure of the set of Banach limits

Once we have found a large class of Banach spaces admitting vector-valued Banach
limits, it is the turn now for studying the algebraic and topological structure of the
set of vector-valued Banach limits. The first piece of information we find with respect
to this issue is provided by Corollary 4.1.4, where it is assured that % (X) is convex
and closed when £ (¢ (X)), X) is endowed with the pointwise convergence topology.

4.3.1 Metric and algebraic structure

One can easily notice that if X and Y are normed spaces and 7' : X — Y is a
surjective linear isometry, then the existence of a Banach limit on X implies the
existence of a Banach limit on Y. Indeed, if ¢ € % (X), then the map

v U (Y) = Y
(yn)neN = T (90 ((T_l (yn))neN))
verifies that ¢ € B (V).

On the other hand, a left action of Gx on Sy, can be naturally defined by left-
composition

Ox X Syy = Sny
(T,p) = Top (4.3.)

Lemma 4.3.1 Ifp € B(X) and T € Gx, then T op € B(X) if and only if T is
the identity on X.

Proof. Notice that |70 || =1 and T o ¢ is invariant under the shift operator on
loo (X). Assume that T'o p € £ (X). Fix an arbitrary « € X. Then

T(x)=T(p(x) =(Top)(x) =

O

Notice that the previous lemma shows that % (X) is Gx-free (we refer the reader to
the backmatter chapter for a wide perspective on G-spaces).

Theorem 4.3.2 [f B (X) # @, then the action (4.3.1) verifies the following:
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1. It is not transitive if A (X) has more than one element.
2. It s faithful.
3. It cannot be restricted to B (X) as a left action.

Proof.

1. Take p # ¢ € #(X). By Lemma 4.3.1 we have that T o ¢ ¢ A (X) for all

T € Gx \ {Ix}, that is, Gxpo N B (X) = {¢}. As a consequence, ¥ ¢ Gxp,
which means that Gx¢ # Sy, and the action is not transitive.

2. Take any 7' € Gx \ {Ix}. By hypothesis, there exists ¢ € Z(X). By Lemma
4.3.1 we have that T o p ¢ A (X) and thus T o ¢ # .

3. It suffices to observe that Gy % (X) is never contained in % (X)) since —Ixop ¢
P (X) for all p € Z(X) in virtue of Lemma 4.3.1.

O

Theorem 4.3.3

GxB(X)={T €Sny : T(X)=X and ||T (x)|| = ||z|| for every x € X}.

Proof.

C Let T € Sy, for which there exist S € Gx and ¢ € % (X) such that Sop =T.
On the other hand, if z € X, then S (z) = (S o) (x) = T (x), which means
that 7'(X) = X and that

[zl = 1S5 (@)l = [[(5 0 @) )l = T ) -

D Let T € Sy, satisfying that T (X) = X and ||T (x)|| = ||=| for every z € X.
Define the following continuous linear operator:

S: X —- X
x = S(z)=T(x).

Notice that S is a surjective linear isometry by hypothesis. In accordance to 4
of Proposition 1.3.1 we have that S~ o T € % (X). Finally,

T=50(5"oT)egxAB(X).
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O

As a direct consequence of Theorem 4.3.3 and Corollary 1.3.4 we obtain the following
corollary:.

Corollary 4.3.4 GxZ (X) C Sy, -
Theorem 4.3.5 The action (4.3.1) is free if and only if so is the action (1.3.2).
Proof.

= Suppose to the contrary that the action (1.3.2) is not free, which exactly means
that there exists a surjective linear isometry 7" : X — X different from Iy with
a fixed point x € Sx. Fix any (a,),cy € loo (X) with d ((an),en, bps (X)) =1
(see Lemma 1.2.4). A corollary of the Hahn-Banach Extension Theorem allows
us to conclude that there exists f € S, (x)- such that

f ((a")neN) =d ((an)neN ) bps (X)) =1

and
f(bps (X)) = {0},
Consider the following norm-1 continuous linear operator:
v A (X) - X
(znnen 7 ¥ ((zn)nen) = f ((20)en) =

It is clear that T'o ¢ =1 but T # Idx. This implies that the action (4.3.1) is
not free either.

< Suppose to the contrary that the action (4.3.1) is not free. Then there are
T € Gx \ {Ix} and ¢ € Sy, such that 7o ¢ = ¢. At this point it suffices to
consider any (z,),,cy € loo (X) such that ||¢ ((z,),en)| = 1, since

T (¢ (@n)nen)) = ¢ ((@n)nen)

which implies that the action (1.3.2) is not free either.
O

Observe that if X = R, then Gx = {Ix, —Ix} and thus the two actions considered
previously are both free.
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4.3.2 Extremal structure

The reader may quickly note that if 7": ¢, (X) — X is just a map, then:

e If T is continuous and 7' (x) = z for all x in some subset A of X, then T' (x) = x
for all  in the closure of A.

e If T is linear and T (x) = z for all x in some subset A of X, then T (x) = x for
all z in the linear span of A.

o If 7€ Ll (X),X) and T (x) = z for all x in some subset A of X, then
T (x) = z for all x in the closed linear span of A.

Theorem 4.3.6 Assume that (X)) # @.
1. If X has the Bade property, then B (X) is a face of By, .

2. If there exists T € Gx \ {Ix} with a fized point v € Sx, then B (X) is not a
convex component of Sy -

Proof.

1. Let ¢,9 € Sy, and a € (0,1) such that ap + (1 — o)y € £ (X). For every
x € Sx we have that ap (x) + (1 — a) ¥ (x) = x. Now, if 2 € ext (By), then
¢ (x) = ¥ (x) = z. Finally, by applying first the observation prior to this
theorem and then I of Corollary 4.1.4, we deduce that ¢, ¢ € # (X).

2. Let T € Gx \ {Ix} with a fixed point © € Sx. Fix an arbitrary ¢ € £ (X).
In accordance to Lemma 4.3.1 we have that T o ¢ ¢ 2 (X). Finally, in order
to see that the drop co({T o p}UZA (X)) is contained in Sy, it suffices to
realize that

L=
= [t(Top)+ (1 -1)p) X
[ (T o p) + (1 =1) ¢l
1
for all t € [0,1].

O

The following corollary, whose proof is omitted, becomes obvious if taken into account
that any Hilbert space of dimension greater than or equal to 3 enjoys the Bade

67



4.3. STRUCTURE OF THERAHTBGR BANAKCH ORMVAS.UED BANACH LIMITS

property (since it is strictly convex) and has a surjective linear isometry other than
the identity with non-zero fixed points.

Corollary 4.3.7 If X is a Hilbert space with dim (X) > 3, then B (X) is a non-
mazimal face of By, .

Bearing in mind the Banach-Stone Theorem, Lemma 1.3.6, and 2 of Theorem 4.3.6,
more spaces X for which & (X) is not a convex component of Sy, can be found.
We spare the details of the proof to the reader.

Theorem 4.3.8 Assume that K is a compact Hausdorff topological space with an
isolated point kqy satisfying that there exists a homeomorphism ¢ : K\{ko} — K\{ko}
different from the identity. Then:

1. The map
C(K) —» C(K)
K — R
f = f (ko) if k= ko
b {w(f(k)) i kA ko

is an element of Gy \ {le(r)} having x(nyy as a fized point.
2. #(C(K)) is not a convex component of Sy, -

By relying upon the previous theorem we will show that % (C (K)) is not a convex
component of Sz (c(k))c(k)) for K a extremally disconnected compact Hausdorff
topological space with isolated points.

Note that I of Lemma 1.3.5 is implicitly used in the statement of the following
theorem in the definition of the operators 77 and S;.

Theorem 4.3.9 Let xy € Sx be an Lo-summand vector of X and write X = Rx @y
M. Consider the continuous linear operators

Ty : bps(X)dX — X
(Ano +mp) ey +x = 1) (()\n:cg + M) ey + X) = Mo+
and
St bps (X)X — X
()\nl’o + mn)neN +X = Sl (()\nl’(] + mn)neN + X) = —)\11’0 + x.
Then:

1. If B€ B (X), then Blysx)jex = 255
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2. o+ (1—a)Si|| =1 foralla € [$,1].
8. IS = 3.

4. If T,S : U (X) — X are linear and continuous extensions of Ty and Sy,
respectively, then:

((Z) T,SgNXU;CX
(b) %GNxﬁﬁx.

Proof. First off, we would like to make the reader notice that by (A,zo + mn)neN+x
we mean a generic element of bps (X) ® X. Notice that (A\,2¢),oy € bps(Rwzy) and
(Mn),en € bps (M) in accordance to I of Lemma 1.3.5. Also notice that 2 of Lemma
1.3.5 does not apply since on bps(X ) we are considering the usual sup norm of £, (X).

1. Immediate.
2. We will divide this proof in several steps:

o ||Bi5 || =1. Indeed, if |[(Anzo + ma), ey —l—XHOO <1, then

?

Ty + S
2

= =l

(()\nl’(] + mn)neN + X)

= d(x,bps(X))
H (Ano + mn)neN + XH
1

[e.e]

IA A

in accordance to 3 of Lemma 1.2.4.

e |T1|| = 1. Indeed, every x € X can be written as © = vz, + m with
v € R and m € M. In accordance to 3 of Lemma 1.2.4 we have that
Im|| = d (m, bps (M)). Now

HTl ((AnI0+mn)neN—|—X)H = |[Mxo + 2|
= [[(A + ) 2o +m|
max {[A1 + 7/, [[m|}
sp {41 o -+ 1}

IN

= [[to +mn) e + x| -
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e By using the triangular inequality we obtain that

i+ 5 <1

laT) + (1 —a) Sy = H(Qa— D T1+ (2 — 2q)

for all @ € [1, 1], which in fact means that [|oT; + (1 — «) S| =1 for all
o € [%, 1].

3. By using again 1 of Lemma 1.2.4 to accomplish that ||z|| < H()\nl’o + M) ey + XHOO
and the fact that ||T1]| = 1, we have that

151 (Mo + M) ey + %) || =M1z + 2|
[=A1zo — f| + 2 ||z
H()‘“xo + m”>n€N + XHoo +2 H()‘”xo + mn)neN + XHOO

3| Ano +mn) e + | -

IA A

This shows that ||.S;|| < 3. In order to see that ||S1]| = 3 it only suffices to take
into consideration that

Sl((—2l'0,0,0,...,0,...)+X0) :3I0.

4. We will divide this paragraph in two parts:

(a) We will show that 7' ¢ Ny U Lx. In a similar way it can be proved that
S ¢ NxULx. Simply notice that T (z9,0,0...,0,...) = zg # 0, therefore

e T'¢ Lx because (x¢,0,0...,0,...)is a convergent sequence to 0, and

e T ¢ Nx because (19,0,0...,0,...) is a sequence with bounded par-
tial sums.

(b) Let (2,),cy € bps(X) and write z,, = A,z9 + m, where A\, € R and
my, € M for all n € N. We have that

T+ S

1
5 ((l’n)neN) = 2 (A1mg — A12g) = 0,

therefore % € Ny in virtue of I of Proposition 1.3.1. Notice that
co (X) C ker (T?JFS) according to I of Proposition 1.3.1, thus in order to
show that 242 € Ly it only suffices to prove that (I£2) (x) = z for all

x € X, which is immediate by construction of both 7T} and .S;.

70



CHAPTER 4. VECTORLVAIITRYBANREWEIFHESSET OF BANACH LIMITS

O

Corollary 4.3.10 % (C (K)) is not a convex component of S, c(k)).ck) for K
a extremally disconnected compact Hausdorff topological space with an isolated point
ko.

Proof. For simplicity, let X := C(K). By Lemma 1.3.6 we have that x¢ := X{k,}
is an L,-summand vector of X. In accordance to Theorem 4.3.9 we have that the
continuous linear operators

Ty : bps( X)X — X
(Ano +mp) ey +x = 1Y (()\n:co + M) ey + X) = Mo+
and
Sy bps (X)X — X
(AnTo +mMp) ey +X = S1 (()\n:co + M) ey + X) = —\To+x
satisfy that [|T3] = [[B2E2|| = 1 and [|S;]| = 3. In virtue of [26, Page 123] we

have that X is l-injective, therefore we can find a norm-preserving Hahn-Banach
extension T : {y, (X) — X of T}. Attending to 4(a) of Theorem 4.3.9, we deduce
that T' € Sg.(x),x) but T ¢ £ (X) (in fact, T ¢ Nx U Lx). Now we will prove
that % (X) is not a convex component of Sy (x)x) by showing that the drop
co({T}UAB(X)) C See(x),x)- For this it is sufficient to show that if B € % (X),
then the segment joining 7" and B lies entirely in Sz (x)x). Let a € [0,1]. We
know that ||aT 4+ (1 —«) B|| < 1 since T, B € Sz, (x),x). According to I and 2 of
Theorem 4.3.9 simply notice that

Ty + S

ali + (1 —a)

H(O‘T +(1-a)B) ‘bPS(X)QBXH = =1,

which automatically implies that |[oT + (1 — «) B|| = 1.
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Chapter 5

Vector-valued almost convergence

The notion of almost convergence appeared for the first time in the literature of the
theory of series in normed spaces in 1948 (see |[50]) and was introduced by Lorentz.
Many results, extensions, and generalizations of this concept have been provided
ever since. We refer the reader to |22, 23, 64| for a wide perspective on the concept
of almost convergence and some generalizations and relations with matrix methods
and invariant means. For different applications of almost convergence, we refer the
reader to [3, 5], where a series of results are provided involving almost convergence,
almost summability, and (weakly) unconditionally Cauchy series.

5.1 Notions of almost convergence

The concept of almost convergence is originally due to Lorentz (see [50]) and it
strongly involves scalar-valued Banach limits. However, Lorentz, through his well-
known intrinsic characterization of almost-convergence (see[50, Theorem 1|), made
possible to extend it to vector-valued sequences. As a consequence, there is only one
general concept of almost convergence which includes the Lorentz’s scalar-valued
almost convergence.
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5.1.1 Lorentz’s (scalar-valued) almost convergence
In 1948 (see [50]) Lorentz made use of the concept of Banach limit to introduce the

notion of almost convergence.

Definition 5.1.1 (Lorentz, 1948; [50]) A bounded sequence (z,,), oy € Lo 5 called
almost convergent when there is a number y € R such that ¢ ((xn)neN) =y for all
Banach limits ¢ : loc — R. Furthermore,

o y is called the almost limit of (vy,),cy and

e it is usually denoted by AC lim z, = y.
n—o0

In [50, Theorem 1] Lorentz provided an intrinsic characterization of almost conver-
gent sequences.

Theorem 5.1.2 (Lorentz, 1948; [50]) Given a bounded sequence (7y,),cny € foo
and a real number y, AC lim x,, =y if and only if
n—oo
1 2

lim —— Tptk =
poo p+ 1 +k =Y

k=0

uniformly in n € N.

5.1.2 Boos’ (vector-valued) almost convergence

By relying upon Theorem 5.1.2, the author of [21| extended the concept of almost
convergence to vector-valued sequences.

Definition 5.1.3 (Boos, 2000; [21]) A sequence (), oy i X

e s called almost convergent when there exists y € X such that

1 p
lim —— Tyt =
p—oo P+ 1 kZ:% +k Yy

uniformly inn € N
— y is called the almost limit of (vy,), oy and

— it is usually denoted by AClim,,_, x, = y;
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o and (vy),cy is called weakly almost convergent when there exists y € X such
that

AC lim £ (r,) = ()
forall f e X*
— y is called the weak almost limit of (), and
— 1t is usually denoted by wAC nh_}ralo Tp =Y.
It is fairly obvious that

e every (weakly) convergent sequence is (weakly) almost convergent;

e every (weakly) almost convergent sequence is (weakly) Cesaro-convergent.

5.1.3 Basic properties of almost convergence

What we will show now (see [21, Theorem 1.2.18(a)]) is that every weakly almost
convergent sequence is bounded.

Proposition 5.1.4 (Boos, 2000; [21]) Every weakly almost convergent sequence
(Tn)nen n X satisfies that (z,)nen € loo(X).

Proof. Since every weakly bounded sequence is also bounded, we may assume

without any loss of generality that (z,),en is almost convergent. Let

y=AC lim z,

n—o0
and fix € > 0 and iy € N satisfying that
Jti
>y

141

k=j

< lyll + ¢

for every i > ig and every 7 € N. Now, for every j € N we have that

oyl = [ 2275 SR e (052 ) )
x|l = — x
’ 10+ 1 ‘g + 2 — o+ 1|~ \dg+1 0 ’
k=j k=j+1
where the last term is a fixed constant, what concludes the proof. U
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Lemma 5.1.5 If N is a dense vector subspace of X* and (x,),cy € loo(X), then
wAC hm x, = 0 if and only if for each g € N we have that AC lim g (z,) = 0.

n— o0

Proof. Indeed, fix an arbitrary f € X* and consider € > 0. There exists A > 0
such that ||z,| < A for each n € N. By the density of N in X* there exists g € N

satisfying that || f — g|| < 5. Then
+19 (Z $j+k> )
Z + 1

f<§xj+k> < Hl_l(‘(f—g) (Zxﬁk>
()
/()

(i+1)A
for every i,j € N. Since AC hm g (z,) =0, we conclude that AC lim f (z,) = 0.

n—o0

The arbitrariness of f tells us that wAC lim z, = 0. U

n—oo

N

=
124

€ 1

2 1+1

In accordance to Lemma 5.1.5 and the density of Coo in /1, we deduce that a sequence

(2™),en C Co 18 weakly almost convergent to 2° € ¢ if and only if AC nh_):rrolo r = a?

for every i € N. Nevertheless, the sequence (2"), .y C co given by

0 if 7>n,
=<1 if n=j54+(2k+1)i,j€{0,1,...,i—1},k €N,
-1 if n=754(2k+2)i,5€{0,1,...,i—1},k €N,

satisfies that wAC lim x" = 0 but it is not almost convergent.
n—oo

On the other hand, we would like to make the reader aware about the fact that an
almost convergent sequence might have subsequences not almost converging to the
almost limit. For instance, the sequence (—1,1, —1,1,—1,1,...) is almost convergent
to 0 but not all of its subsequences are almost convergent to 0.

Proposition 5.1.6 The following conditions are equivalent for a bounded sequence
(%n) ,en i a finite dimensional normed space:

1. (xp),cy 18 convergent to x.

2. All of its subsequences are almost convergent to x.
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3. Fvery subsequence has a further subsequence almost convergent to x.

Proof. We only need to show that 3 = I since the other two implications are
obvious.

Suppose to the contrary that (z,), .y is not convergent to z. There exist r > 0 and
a subsequence (7, ), oy Of (75),cy such that z,, ¢ Bx (v,r) for all k € N. Since

(Tny )pen 18 bounded, it has a further subsequence ([L’nk> convergent to some
7/ jeN

y € X \ Ux (z,7). By hypothesis, (SanJ)
i/ jeN
almost convergent to z, which is impossible since

has a further subsequence (Can )
Ir / peN

y = lim z,, =ACIlmz, ==
pP—00 Ip pP—00 Jp

U

Corollary 5.1.7 A sequence is weakly convergent if and only if all of its subse-
quences are weakly almost convergent to the same limit and if and only if every
subsequence has a further subsequence weakly almost convergent to the same limit.

Proposition 5.1.6 does not hold in infinite dimensions as expected. Indeed, consider
in co or £, (p > 1) the sequence (e;),.y of canonical vectors. For every infinite subset
M C N we have that AC hrj\r} e; =0, but ||e;|| =1 for every i € N.

e

Theorem 5.1.8 If (x,), .y is a Cauchy sequence in X, then (zy), .y 15 convergent
iof and only if it is almost convergent.

Proof. Suppose that (x,), .y is an almost convergent Cauchy sequence in X. There
exists xg € X such that AC lim x; = xy. Without lack of generality, we suppose that
1—00

xg = 0. If e > 0 is given, then there exists iy € N satisfying

20

E :xj+k

k=0

1
10+ 1

<

DN ™

for every 7 € N. On the other hand, there exists jo € N such that if p,q¢ > jo, then
|z, — x4]] < e/2. Therefore

J+io 1 io c
T+ - Tp — )| = = T <z
J 10 + 1p§1( P j) 10+ 1 ; JRS 2
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J+io

for every j > jo. If we denote v = Z (x, — x;), then we have that
p=j+1
v €
|l — < . < -
I z'o+1H = xﬂ+z‘0+1H S

U
io+1

v 3 S
However ‘ ‘ < 5 so we deduce that ||z;| < H H + - < e foreachj > jo. O

2 io+ 1 2

5.2 Spaces of almost convergent sequences

Like every time a new convergent method is born, what is due is to consider the cor-
responding sequence space and to study its properties. The sequence spaces related
with the almost convergence will have a strong impact on the structure of the set of
Banach limits.

5.2.1 The spaces ac(X) and wac (X)

We refer the reader to [21] where the following spaces are defined.
Definition 5.2.1 (Boos, 2000; [21]) If X is a normed space, then
o ac(X) = {(xi)ieN e XN AClm; o0 7 em’sts}
e wac(X) = {(xi)ieN e XV wAClm; o0 75 e:cists}.
Obviously
c(X) Cac(X) Cwac(X) Cly(X).

Another usual space of this kind is

acy (X) = {(mi)ieN c XN AC lim z; = 0}.

1—00

It is fairly obvious that ¢ (X) C acy (X) C ac(X). The following lemma directly
relies on Lemma 1.2.3.

Lemma 5.2.2 bps(X) C acy (X).
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Proof. For all n,p € N we have

Zn4p+1 — Rn
p+1

< 2 H(zn)nENHOO

ZZ:O (Zn+k+1 - Zn+k)
p+1

p+1

O

Theorem 5.2.3 The spaces ac (X) and wac (X) are closed in U+ (X) endowed with
the sup norm provided that X s complete.

Proof. We will only prove the closedness of wac(X). The closedness of ac(X)

can be shown in a similar way. Let (z"), .y be a sequence in wac (X) and consider

20 € o (X) such that lim [|2" — xOHOO = 0. We will show that z° € wac (X). For
n—o0

each natural n, there exists z,, € X satisfying that wAC lim z] = z,,. We will show
11— 00

first that (z,),cy is a Cauchy sequence in X. Take any ¢ > 0. An ny € N can be

found such that for each p, q¢ > ng we have that ||2? — 29| < £/3. Fix p, ¢ = no and

consider a functional f € Sy« such that ||z, — z,|| = |f (x,) — f (z,)|. There exists

7 € N such that

1
Flay) =g (&) 4+ £ ()| < 5
and
1
Flag) = — (F () 4o+ (01)| < 5
for every j € N. It follows that
1
lzp — 2l < | f (@) — i1 (f (x?) "'__'_f(x?ﬂ))‘
1
bl G = b (o)
1
o= 7 (7 @)+ £ ()
< &

Since X is complete, there exists xy € X such that lim x, = . Finally, we will
n—oo

show that wAC lim 29 = 2. If ¢ > 0 is given and f € X*\ {0}, then we can fix

1—00
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p € N satisfying ||lzo — 7, < 377 and |20 — 2P|, < gr- Since wAC lim = x,,
1—00
there exists 79 € N such that
1 p » <€
f(xp) — P (f (@5) +-+ f(2h))| < 3
for every ¢ > ip and every j € N. Thus
1 0 0
[ (@o) — i+ 1 (f (@) + -+ f(24))
< S (o) = f ()]
1
+ | f (@) - i1 (f($§)+"'+f(xy+z))
1 0 0
i+ 1 (f (I§ —:L'j) +oetf (xj+z ‘TJ-H))
< &
for every i > iy and every j € N. In order words, wAC lim ¥ = . U

1—00

By bearing in mind that X is a closed subspace of /., (X) even if X is not complete,
we immediately deduce the following corollary.

Corollary 5.2.4 The following conditions are equivalent:
1. ac(X) is complete.
2. wac (X) is complete.
3. X 1s complete.

It is immediate that aco (X) N ls (X) = aco (X) and thus ace(X) is always closed
in £ (X).

Theorem 5.2.5 The following conditions are equivalent:
1. ac (X) Nl (X) = ac(X).
2. ac(X) is a closed subspace of U (X).
3. X 1s complete.

Proof.
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1 =2 Immediate if taken into account that ac (7) is closed in /. (Y) in virtue of
Theorem 5.2.3.

2 =83 Assume to the contrary that X is not complete. Consider a non-convergent
Cauchy sequence (), C X. It is obvious that (), .y € ¢ (X) Nl (X) C
ac (Y) N{lyx (X). In accordance to Lemma 1.2.1 there exists a sequence of
elements of ¢ (X) converging to (z,,),y. Since ¢ (X) C ac(X), we deduce by
hypothesis that (x,), .y € ac(X), which is impossible since the limit of (x,),,ox
in X does not belong to X.

3 =1 Obvious.
O

It is not excessively hard to check that aco(X) is dense in ac (7) Indeed, if

£

(Yn)nen € aco (X), then we simply need to find z, € X with [z, — y|| < &,
and we will have that

Ly
—— > Tntk
p+1k:0

which trivially implies that AC lim,,_,o, z,, = 0.

p_'_lzyn—l—k

p+1

The density of ac(X) in ac (Y) is not that trivial (unless we rely on the previous
sentence).

Lemma 5.2.6 ac(X) is dense in ac (X).

Proof. Let (y),cy € ac(X) and y = AC lim y,. Fix an arbitrary ¢ > 0.
n—oo

There exists a sequence (T,)neny € aco(X) with ||(zn)nen — (Un — Y)nenllo, < €/2
On the other hand, there exists € X with ||z —y|| < ¢/2. Finally, notice that
(n + 2)nen € ac(X) and ||(z, + 2)nen — (Yn)nen|| o, < €. O

Corollary 5.2.7 ac(X) is never dense in {y (X).

Proof. If ac(X) is dense in ly (X), then ac (X) is dense in lo (X). In this situ-
ation Theorem 5.2.3 implies that ac( ) = ls ( ) On the other hand, it is well
known that (s \ ac # @, thus (o (X) \ ac (X) # @. This is a contradiction. O
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5.2.2 The almost convergent limit function

The almost convergent limit function is defined as

AClim: ac(X) — X
(Tn)pey = AC lim z,

n— o0

(5.2.1)

and is a norm-1 continuous linear operator such that AClim |,(x) = lim. It is trivial
that aco (X) = ker (AClim) and thus aco(X) is closed in ac(X). Recall though that
in the previous subsection we mentioned that acy(X) is always closed in £, (X) since,

in fact, aco(X) = acy (X) N loo(X). We recall the reader that HB (AClim) stands
for the set of all norm-1 Hahn-Banach extensions of AClim to the whole of /., (X).

Lemma 5.2.8 HB(AClim) C £ (X) C HB (lim).

Proof. By definition it is clear that # (X) C HB (lim). Let 7' € HB (AClim). All
we need to show is that 7' € HB (lim) N Ny if we bear in mind Corollary 4.1.4. It is
pretty obvious that 7' € HB (lim). Finally, it can be shown that T € Nx by taking
into consideration Proposition 1.3.1 together with Lemma 5.2.2. U

From now on until the end of this subsection we will assume that X = R.

Lemma 5.2.9 For every 0 < e < ¢ there exists a sequence (Ty,), oy € oo such that:
1. H(xn)neNHoo =0+e.
2. (Tn),en has infinitely many positive terms and infinitely many negative terms.

3. AC lim z,, = =.

n—o0

Proof. Let (2,),cy € {s be the sequence

0 200 =9
2272 277 )"

Take (un),cn € loo to be the sequence (2p41 — 2n),cy, that is, the sequence
(—0,0,—6,0,...).

Note that by Lemma 5.2.2, (un), o € aco. Finally, the desired sequence (z),,cy Will
be
(=0+e,0+e,—-0+¢e,d+¢,...).
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Theorem 5.2.10 HB (AClim) C HB (lim).

Proof. According to Lemma 5.2.9, we may fix an almost convergent sequence
(#5),en € ac\ ¢ such that (z,,), .y has infinitely many positive terms and infinitely
many negative terms, and

0< ACnli_{r;Oxn < H(:cn)neNHw.

Define the linear function:

@ : cOR(zy), ey — R
(C)nen + A @n)nen = @ ((en + A2y),0y) = nh—{EO Cn-
We will show now that ¢ is continuous and has norm 1. Let (c;,), oy € c and A € R.
We may assume without loss of generality that lim,_,,, ¢, > 0. If A > 0, then there
exists a subsequence (2, ),cy Of (Tn), ey Of positive terms. Therefore

‘(‘0 (<C” + )\xn)neN) ‘ = lim Cn

n—oo

lim ¢
k—oo "k

IN

kh_}m Cny, + ATy,
sup {|cn, + A2y, | 1 k € N}
(en + Azn) e -

INIA

If A < 0, we apply a similar reasoning by considering a subsequence (,, ),y of
(75),,en Of negative terms. Next, ¢|. = lim, therefore ||| = 1. Finally, in accordance
with the Hahn-Banach Extension Theorem, ¢ may be extended linearly, continuously,
and preserving its norm to the whole of /... To simplify, we will keep denoting this
extension by ¢. By construction,

¢ ((#n),en) =0 < AC lim w,,

n—oo

thus ©|. # AClim. O

We refer the reader to Subsection 1.1.2 for the basics on geometry of Banach spaces,
such as smoothness and rotundity.

Theorem 5.2.11 The set HB (lim) of all norm-1 Hahn-Banach extensions of the
limit function on c to . is a w*-exposed face of Bys_.
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Proof. It suffices to apply Lemma 1.1.3 to X = l, Y = ¢, y* := lim, and

Y= ("T_l)neN. It only remains to show that y is indeed a smooth point of B.. In

order to prove this, we first notice that ¢ = C (w U {oo}), where wU{oo} denotes the
one-point compactification of the natural numbers w. Now, we call on Theorem 1.1.4
to conclude that y is a smooth point of B. because y attains its absolute maximum
value at only oco. l

5.2.3 The space w*ac (X*)

In a natural way we can consider the almost convergence of sequences in dual spaces
endowed with the weak star topology, which takes us to the concept of weak-star
almost convergence.

Definition 5.2.12 (Boos, 20005 [21]) A sequence (z] ),y i X* is called weakly-
star almost convergent when there exists y* € X* such that

AC lim 2} (z) = y* ()

1—00
forallz e X
e y* is called the weak-star almost limit of (xf)ieN

o it is usually denoted by w*AC lim z; = y*.

1—00

The space of w*-almost convergent sequences is defined as

wac (X*) = {(fi)ieN e (X" : w*AC lim f; e:m'sts} .

11— 00

It is fairly obvious that every weakly-star convergent sequence is weakly-star almost
convergent and every weakly almost convergent sequence in a dual space is weakly-
star almost convergent.

Theorem 5.2.13 w*ac (X*) N ly (X™*) is a closed subspace of U (X*).
Proof. Let (f"),cy C wac(X*) N lo (X*) satisfying that lim ||/ — % =0
n—oo

for some f° € (., (X*). Our purpose is to prove that f° € w*ac(X*). For each
natural n there exists f, € X* such that w*AC lim (f") = f,. We will show next
1— 00

that (fy),cy is @ Cauchy sequence. If an € > 0 is given, there exists ny € N such
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that || f? — f9]|, < ¢/6 for any p,q = ngy. Fix p, ¢ > ny. We can find a vector x € Sx
satisfying

||fp - fq” - % < |(fp _fq) (:l?)| < ||fp _fq”-

Consider a natural ¢ such that for every j € N we have

1 » » e
o (@) = =3 () +ooo j+i<x>)\<6
and )
q g
B0 = o (@) 4o ) < 5
It follows that
= £l =5 < o) = o (@44 22 )
+ zi ((fp ff)(x)+"'+(f+i_ yq+z)($))‘
b @ ) L)
_ e
B 2,

that is, ||f, — f,ll < € for each p,q > ng. Then there exists f; € X* such that
lim | fo. — foll = 0. We will show now that w*AC lim f? = fo. Consider z € X\ {0}

and e > 0. We can fix p € N such that || f? — fo||OO < g7y and 1fp (z) — fo (2)| < 5.
Since w*AC hm f? = fo, there exists igp € N such that for each ¢ > iy it is satisfied

tEat }fp - Z+—1 (fP(x) 4+ T ( )| < £ for every j € N. Therefore, if i > i,
then
fol@) = o (F0 ) o s (0)
< fo(@) = [y ()]
+ | fp (@) (ff @)+ + ff (2))
1 p _ 0 0
Z+1((f f)( ) '_'_(J-H J-H)(x))
< ¢
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for every j € N. Thus w*AC lim f; = fo. O
1—00

By noticing that if X is barrelled, then every weak-star almost convergent sequence in
X* is bounded and hence w*ac (X*) C £ (X*), we immediately deduce the following
corollary.

Corollary 5.2.14 If X is barrelled, then w*ac (X*) is a closed subspace of o (X™).

We recall the reader an example of a weakly-star convergent sequence which is not
bounded. Indeed, consider X := ¢y and (ne,), .y C 41 = X*. It is easy to see that
(nen),en is weak-star convergent in X* to 0 but it is not bounded.

Lemma 5.2.15 If M is a dense vector subspace of X and (fn),cy i a bounded
sequence in X*, then w*AC lim f, = 0 if and only if for each y € M we have that
n—oo

AC lim f, (y) = 0.

In virtue of Lemma 5.2.15, whose proof we omit due to its similarity to that of Lemma

5.1.5, and the density of cqg in ¢y, we have that a bounded sequence (f")neN C ly is

w*-almost convergent to f° € ¢ if and only if AC lim f" = f for each i € N. On
n—oo

the other hand, the sequence (f™), . C /1 given by

1

prmY it i=n,

: 1
(—1)ctntt 5 if i<n,

verifies that w*AC lim f" = 0 (observe that ||f"|| < 2 for each n € N). However, it

n—oo
is not almost convergent. In the next subsection we will show that wac (¢1) = ac (¢1),

50 (f™),en 1s not weakly almost convergent either.

Finally, in accordance to Proposition 5.1.6, we may assure that a sequence is weakly-
star convergent if and only if all of its subsequences are weakly-star almost convergent
to the same limit and if and only if every subsequence has a further subsequence
weakly-star almost convergent to the same limit.

5.2.4 Almost convergence and classical properties

This subsection is aimed at characterizing some classical properties in terms of the
almost convergence. We will start off with a characterization of completeness, which

86



CHAPTER 5. VECTOR-VIRATHS AENAISTASONIYRRGERNGENT SEQUENCES

is an immediate consequence of Theorem 5.1.8.

Corollary 5.2.16 A normed space X is complete if and only if every Cauchy se-
quence in X s almost convergent.

Theorem 5.2.17 A normed space X is reflexive if and only if every bounded se-
quence in X has a weakly almost convergent subsequence.

Proof. Assume that every bounded sequence in X has a weakly almost convergent
subsequence. We will distinguish two parts:

1. X must be complete: Indeed, let y € X. There exists a sequence (%n)pen C
X which converges to y. Now, (x,),.y is bounded so by hypothesis there
exists a weakly almost almost convergent subsequence (2, ),y to some z € X.
Observe then that y =z € X.

2. Every functional on X is norm-attaining: Indeed, let f € X*. For each natural
n we can find z,, € Sx such that [|f|| — 1 < f(x,) < [|f]|. Since (z),,cy is

bounded, there exists a subsequence ([L’n) . such that wAC lim z,,, = x for
7/ jeEN j—oo J

some o € X. Notice that o € Bx. On the other hand,

AC tim (111~ - ) < AC Jim £ () < AC Jim ]

j

that is, || || < AC lim f (z,,) <||f||l. Since AC lim f (z,,) = f (20), we con-
j—o0 j—o0

clude that f (zo) = || f||.

In accordance to the James’ characterization of reflexivity (see [16]), we deduce that
X 1is reflexive. O

Theorem 5.2.18 A normed space X has the Schur property if and only if X enjoys
the following two properties:

o Fuvery sequence in X whose subsequences are almost convergent to the same
limat is convergent.

o Fvery weakly almost convergent sequence in X s almost convergent.

Proof. In the first place, suppose that X enjoys both properties. Let (x,), .y be a
weakly convergent sequence in X. From the second property we deduce that (x,),, .y
is almost convergent, and thus, all of its subsequences are almost convergent to the
same limit. By the first property, (), oy is convergent.
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Conversely, suppose that X has the Schur property. In accordance with 1 of Corollary
5.1.7, X enjoys the first property. We will show now that X enjoys the second
one. Let (a;);.y be a sequence in X which is weakly almost convergent. Without

lack of generality we may assume that wAC lim a; = 0. For each f € X* it is
1— 00

verified that lim f(z}') =0 uniformly in n € N, where we have established that
1—00

1 &
xp = 1 g anyr for every n,i € N in order to simplify. Since X has the Schur
i
k=0

property, 1im_x? = 0 for every n € N, so we will conclude the proof by showing that
1—00

lim 2 = 0 uniformly in » € N. Suppose not. Then there exists € > 0 for which the

1—00

following holds:
1. Take n; = 1. There exists i; € N such that if ¢ > 4y, then [|2]"| < e.

2. There is ny > ny such that y; = x}? satisfies that ||y1|| > € for some ¢ > ;.
Besides, there exists i5 > 7; such that if i > is, then |2} < e.

3. There is n3 > ny such that yo := 2]° satisfies that ||yz|| > € for some i > is.
Besides, there exists i > is such that if i > i3, then ||| < e.

4. And so on.

In this manner, two sequences (i), C N and (y),cny C X are found enjoying the
following;:

L. ||yk|| = € for each k € N.

2. (ik)pen 1s strictly increasing.

3. For every k € N there exists i € [iy, ix11] such that y, = 2%,
We will show next that wklim yr = 0. Take f € X* and > 0. By hypothesis, there
— 00

exists i € N so that if ¢ > ¢/, then |f (2')| < n for every n € N. On the other hand,

there will exist ky € N such that if k& > ko, then i, > i'. So |f (yx)| < n for k > k.

Since X has the Schur property, we have that klim yr = 0, which contradicts that
—00

|lyr|| = € for each k € N. -

Theorem 5.2.19 A normed space X has the Grothendieck property if and only if
w*ac (X*) = wac (X*).

Proof. Firstly, suppose that w*ac (X*) = wac (X*). Let (fy),cy C X* be such that
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w* lim f, = fo. For every subsequence ( fn) we have that w* lim f,. = fy, so
n—00 7/ jeN j—oo "

w*AC lim f,,. = fo, which means that wAC lim f,, = fy. We conclude by Corollary
J—00 j—oo
5.1.7 that w lim f,, = fy. As a consequence, X has the Grothendieck property.
n—o0

Conversely, assume that X has the Grothendieck property. Consider a sequence
(fi)ien € X* such that w*AC lim f; =0. For each v € X it is verified that

1—00

1—00

| d
lim F}" (x) = 0 uniformly in n € N, where we have established that F* := 1 E frtk
i
k=0

for every n,7 € N in order to simplify. We will conclude this part of the proo_f by
showing that lim ¢ (F*) = 0 uniformly in n € N for each g € X*™*. Suppose not.
1—00

Then there exist g € X** and € > 0 satisfying the following:
1. Take ny = 1. There exists 7; € N so that if i > i1, then |g (F}!)| < e.

2. There is ny > ny such that y; := F/" satisfies that |g (y1)| > ¢ for some i > ;.
Besides, there exists io > ¢, such that if i > 45, then |g (F]"?)| < e.

3. There is n3 > ny such that y, := F** satisfies that |g (y2)| > € for some i > is.
Besides, there exists i3 > iy such that if i > i3, then |g (F]")| < e.

4. And so on.

In this manner, two sequences (i ),y C N and (yx),cy C X are found satisfying the
following;:

1. |g (yx)| = € for each k € N.
2. (ik)pen 1s strictly increasing.
3. For each k € N there exists i € [iy,x41] such that y, = F/"**".

We will prove now that w* klim yr = 0. Take x € X and n > 0. By hypothesis, there
—00

exists ' € N such that if ¢ > ¢/, then |F" (x)| < n for every n € N. On the other

hand, there will exist ky € N such that if & > ko, then ix > i'. So |y (x)| < n for

k > ko. Since X has the Grothendieck property, we have that thm yr = 0, which
—00

contradicts that |g (yx)| > ¢ for each k € N. O

Theorem 5.2.20 A Banach space X has a copy of ¢y if and only if there exists a
sequence (T;),cy € oo (X) \ co (X) satisfying that for every infinite set M C N there
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exists P C M infinite such that Z x; has bounded partial sums.
ieP

Proof. If X has a copy of ¢y, then (x;),. can be taken as the canonical basis of cy.

Conversely, assume the existence of a sequence (z;),cy € X \ ¢o (X) satisfying that

for every infinite set M C N there exists P C M infinite such that Z x; has bounded
ieP
partial sums. By Corollary 5.1.7 and by the fact that bps (X) C acy (X) (see Lemma
5.2.2), we conclude that w lim z; = 0. Since (x;),.y is not convergent to 0, there
11— 00
exists A C N infinite and 6 > 0 such that ||x;|| > d for every i € A. According to a
result proved by Bessaga-Pelczynski (see [18]), there exists B C A such that (z;), 5
is a basic sequence. A dichotomy result by Odell (see [53]) tells us that only one of

the following conditions is satisfied:

1. There exists C' C B infinite such that (;),.. is equivalent to the basis of
canonical vectors in c¢.

2. There exists C' C B infinite such that for every sequence (), of real numbers
which is not convergent to zero, the series ZieC’ o, x; does not have bounded
partial sums.

Thus, we deduce that X has a copy of cg. 0

5.3 Vector-valued Lorentz’s theorem

The purpose of this section is to obtain a vector-valued version of Lorentz’s almost
convergence intrinsic characterization (see Theorem 5.1.2 or [50, Theorem 1]). Our
technique is totally different from the original one used by Lorentz in [50, Theorem
1] and much more simple since it does not involve the usual order relation in the real
line.

5.3.1 A total extension for the acy(X) case

For the null almost convergence we obtain a full extension of Theorem 5.1.2 to the
vector-valued case.
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Theorem 5.3.1 Let (vy,), .y be a bounded sequence in X. The following conditions
are equivalent:

1. (@), 15 @ null almost convergent sequence in X .
2. T ((zn)pen) =0 for all T € Ny.
Proof.

1= 2Fix T € Nx \ {0}. Denote s := T ((z5),cy). We will show that [|s|| < e for
every € > 0. So, fix an arbitrary € > 0. There exists p € N such that

Ly
—— > Tntk
p+1k:0

< &
177

for all n € N. Observe that

- T(x1,$2,$3,x4,x5,...)
T (x27 T3, Ly, T5, 265 - - - )
- T(Z’g,l’4,l’5,[lf6,[lf7,...)

s = T (Tps1, Tp+2, Tp+3, Tp+d, Tpis, - - ) -
Therefore
p+1)s=T(x1+ -+ Tp1, T2+ + Tpr2,...),
that is
s—T SL’1+"'—|—SL’p+1 $2+"'+l’p+2
p—l—l ) p—l—l AR )
and hence
HSH _ T xl‘l'"'+xp+1’x2‘|’"'+xp+2’”.
p+1 p+1
1 p
< |7 ?mek
p k=0 neNIl oo
< €.

2 = 1 Suppose to the contrary that (x,), .y is not almost convergent to 0. Note that
then

d ((:pn)neN , bps(X)) >0
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in virtue of Lemma 5.2.2 and the fact that acy(X) is always closed in /o (X).
By bearing in mind a corollary of the Hahn-Banach Extension Theorem there
exists f € S (x)~ verifying that

f ((x")neN) =d ((x")neN ) bps(X))

and
f (bps(X)) = {0}
Consider the following norm-1 continuous linear operator
S: I (X) - X
(zn)neN = f ((Zn>n€N) T,

where © € Sx can be chosen arbitrarily. Note that S € ANx in virtue of
Proposition 1.3.1, which is a contradiction since S ((#),cn) = f ((Zn),en) T #
0.

U

Corollary 5.3.2

1. aco(X) = () ker(T).
TeNx

2. If (z) ey 15 a sequence in X almost convergent to x € X, then T ((x,),cy) = T
for allT € Nx N Lx. In particular, ¢ ((,),cy) = for all ¢ € B (X).

3. B(X)=HB(AClm).

5.3.2 A partial extension for the ac(X) case

In the previous subsection we have proved that if (z,), .y is almost convergent to
, then ¢ ((2,),cy) = z for all p € P (X). We will obtain now an approach to the
converse of the previous assertion.

We refer the reader to Subsection 1.3.1 for a wide perspective on injective Banach
spaces.

Theorem 5.3.3 Let (), be a bounded sequence in an injective Banach space X
and consider x € X. If T ((xn),ey) = « for every T € Nx N Lx, then (z,),cy is
almost convergent to x.

92



CHAPTER 5. VECTOR-VALBEBD VMEMVIISH CANMHRGORERTZ’S THEOREM

Proof. Notice that we can assume without any loss that x = 0. Suppose to the
contrary that

(€n)pen € () {ker (T) : T € Nx N Lx}\ aco (X).

Notice that (x,),cy € ac(X) in virtue of Corollary 5.3.2. In order to reach a con-
tradiction, the natural thing is to consider the following continuous linear map

S oac(X)OR(wy),ey — X

(Un + A2p), ey = AC lim y, + Aa, (5.3.1)

where a € X \ {0} can be chosen arbitrarily. By hypothesis we can extend S to a
continuous linear operator S : ¢, (X) — X. We will finish the proof by showing
that S € Ny N Lx (which contradicts the fact that S ((z,),oy) = a # 0):

e SeEN x. Indeed, S lac(xy = AClim, therefore S is invariant under the shift
operator on {, (X) in virtue of the fact that bps (X) C acy (X) (see Lemma
5.2.2).

e Ser x- Indeed, it only suffices to realize that

§|c(X) = (‘/S\‘ac(X)> lexy = AClim |¢(x) = lim .

5.3.3 A partial extension for the ac(X*) case

We refer the reader to Subsection 1.5.2 for the necessary background involved in the
following theorem.

Theorem 5.3.4 Let (x},), .y be a bounded sequence in X* and consider x* € X*. If
¢ ((#7),en) = 2" for every ¢ € B (X*), then z* € cl,» ({w 'n € N})

n

Proof. Let U be any free ultrafilter of N. According to Theorem 4.2.1 we have that
p € B(X*), where

0 Ll (X*) = X*

(y;)neN N Z/{hmu_

n
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By hypothesis,
. , Caietal
= ((xn)neN) = U lim IT

Finally, by taking into consideration 2 of Lemma 1.5.4, we deduce that

" € Cly» <{u :neN}).
n

We remind the reader that duals of separable spaces have w*-metrizable balls.

Corollary 5.3.5 If X is separable and (x}),.y i a bounded sequence in X* al-

* “ee *
most convergent to x* € X*, then there exists a subsequence of (%) w*-
neN

convergent to z*.

Proof. In virtue of Corollary 5.3.2(2) we have that ¢ ((2},),cy) = z* for every ¢ €
% (X*). By applying Theorem 5.3.4 we deduce that z* € cl,» ({% ‘n € N}) .

Finally, by bearing in mind that balls of duals of separable spaces are metrizable when

endowed with the w*-topology, we finally conclude the existence of a subsequence of

(zitts

) w*-convergent to x*. U
n
neN

Scholium 5.3.6 In a finite dimensional normed space, every almost convergent se-
quence verifies that the sequence of its means has a further subsequence convergent
to the almost limit.

5.4 Almost convergence and Banach limits

In general terms, if C is a non-empty subset of £ ({(X), X), then we can define
the C-convergence as follows: a sequence (x,)nen is C-convergent to x provided that

T ((zp)nen) =z for all T € C.

This procedure is the one followed by Lorentz in [50] to define the scalar-valued
almost convergence.
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The convergence space associated to C, or C-convergence space, is given by

ce(X) = YW Clu(X):T.SeC=Tly = S|w}
= [ker (T —9):T,SeC}.

As the reader can observe, the C-convergence space is a closed vector subspace of
loo(X).

The C-limit function is defined as

Clim: c(X) — X
(Tn)peny = Clim z, =T ((xn)neN) ,

n—oo

(5.4.1)

where T' is any element of C, and it is a continuous linear operator such that
C N Sﬁ(foo(X),X) Q HB (C hm)

provided that ||Clim| = 1.

5.4.1 A superspace of ac(X) defined by the Banach limits

On those spaces admitting vector-valued Banach limits, the Z(X)-convergence space
makes sense to be taken into account:

ge(X) = (J{IW Clu(X): T,S € Z(X)=T|w = S|w}
= [ker (T - 9):T,5 € B(X)}.

Note that we have chosen a different notation for the above space just for simplicity.
When X = R we will simply write gc. Easy verifiable properties of the previously
defined space follow in the next proposition, the details of its proof we spare to the
reader (see Corollary 5.3.2, Corollary 5.2.7, and Theorem 5.1.2 for help).

Proposition 5.4.1 Assume that % (X) # &.
1. ac(X) Cqc(X).
2. qc(X) = loo (X) if and only if B(X) is a singleton.
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As of today, we are unaware of the existence of normed spaces admitting only one
vector-valued Banach limit.

The following theorem, whose proof we also omit (keep in mind Theorem 5.2.5),
declares the importance of gc(X).

Theorem 5.4.2 The following conditions are equivalent:
o ac(X) = qc(X).
o AC lim x,, = z if and only if T ((x,)),eny = @ for all T € B(X).

n—oo

Another immediate corollary of the previous theorem and Theorem 5.1.2 is the fact
that ac = qc.

The details of the proof of the next result are also spared to the reader because of
its obviousness if bearing in mind Corollary 5.3.2.

Proposition 5.4.3 Assume that 8 (X) # .
1. The QC-limit function, defined as

QClim: gc(X) — X
(@) ey QC lim , := T ((2),e) + (5.4.2)

n—o0

where T is any element of B (X), is a norm-1 continuous linear operator such
that QC lim |ac(X) = AClim.

2. HB(QClim) = B(X) = HB (AClim).

5.4.2 Separating sets

The concept of separating set was originally introduced in [62] for scalar-valued
Banach limits. However, they can be defined the same way for vector-valued Banach
limits.

Definition 5.4.4 (Semenov and Sukovech, 2013; [62]) A non-empty subset G
of bso (X) is called separating provided that the following condition holds: if T, S €
PB(X) are so that T|q = S|g, then T = S.

Proposition 5.4.5 Assume that B(X) # @. Let G be a non-empty subset of
loo (X). Then:
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ANIOBANACH LIMITS

1. If g (X) 4 span (G) is dense in o, (X), then G is separating.
2. If G C qc(X) and q(X) # o (X), then G is not separating.
Proof.

1. Let T, S € #(X) such that T|; = S|g. Notice in first place that T'|,x) =
S|ge(x) by definition of gc (X'). Now by linearity and continuity we immediately
deduce that T'=S.

2. It is sufficient to consider any (z,),cy € foo (X) \ gc(X). By definition of
gc (X)) there must exist 7,5 € £ (X) such that T ((2n),cn) # S ((Zn)nen)-
However, T'|¢ = S|¢ because G C qc (X)), therefore G is not separating.

O

The following result is a direct consequence of Proposition 5.4.1 together with Propo-
sition 5.4.5.

Corollary 5.4.6 Assume that B (X) # @. The following conditions are equivalent:
1. B (X) is a singleton.
2. Every non-empty subset of l, (X) is separating.
3. Every non-empty subset of qc(X) is separating.
4. Every non-empty subset of ac (X) is separating.
5. There exists a non-empty subset of ac (X) which is separating
6. There exists a non-empty subset of qc (X) which is separating.

As we have already mentioned, as of today we are unaware of the existence of spaces
with only one vector-valued Banach limit.

Theorem 5.4.7 Assume that B (X) is neither empty nor a singleton. A non-empty
subset G of U (X) is separating if and only if G N (le (X) \ ker (T'— S)) # @ for
dlT#8S € B(X).

Proof. Assume first that G is separating. Let T" # S € A (X). By assumption
there must exist (z,),oy € G such that T ((2,),oy) # ( Tn)nen) Which means

that (2,),cy € GN (U (X) \ ke (T = 5)).

Conversely, assume that G N (lo (X) \ ker (T'—S)) # @ for all T # § € A (X).
Let T,S € %A (X) such that T|¢ = S|g and T # S. By hypothesis we can
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find (2,),cy € G N (l (X) \ ker (T" = S)), which implies the contradiction that
Tle # S|a- O

As an immediate corollary we obtain a sharp characterization of non-separating sets.

Corollary 5.4.8 Assume that Z(X) is neither empty nor a singleton. A non-
empty subset G of U, (X) is not separating if and only if G C ker (T'— S) for some
T#SeBL(X).
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Chapter 6

Vector-valued almost summability

The concept of almost summability is nothing but considering the almost convergence
for the sequence of partial sums of a given sequence. We refer the reader to [3, 5|
upon which this chapter relies.

6.1 Notion of almost summability

Since there is only one notion of almost convergence (due to both Lorentz and Boos),
there is only one notion of summability (due to Boos, since Lorentz seemed not to
be interested in studying the almost convergence of series).

6.1.1 Boos’ (vector-valued) almost summability

The almost convergence turns to the almost summability in the context of series.
Definition 6.1.1 (Boos, 2000; [21]) A sequence (), i X

e is called almost summable provided that the sequence of its partial sums is
almost convergent

— the almost limit of the sequence of partial sums is the almost sum of
(70) ey and
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— 1t is usually denoted by AC an =y

n=1

o and (z,),cy @5 called weakly almost summable provided that (f (zy)),cy s al-
most summable for all f € X*

— the weak almost limit of the sequence of partial sums is the weak almost
sum of (p), ey and

— it is usually denoted by wAC Z Tp =1.

n=1

6.1.2 Basic properties of almost summability

Since the almost summability is a particular case of the almost convergence, all the
basic properties of the almost convergence apply to the almost summability (when
the sequence is question is simply the sequence of partial sums of another sequence).

It is easy to check that, given a series > .° x; in a normed space X and an element
y € X, then:

° ACin = y if and only if

i=1

uniformly in n € N.

e wAC Z x; =y if and only if

1=1

P (;fm) F k] f<xn+k>> =/ )

k=1

uniformly in n € N, for every f € X*.
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6.2 Spaces of almost summable sequences

The almost summability also arises new spaces of particular interest.

6.2.1 The spaces sac(X) and wsac(X)

We refer the reader to [5] where the following spaces are defined.
Definition 6.2.1 If X is a normed space, then:
o sac(X) = {(z;);en € XV ACY 2 2 eaists}.
o wsac(X) = {(2:);eny € XV : WAC Y 2, ; ewists}.
Proposition 5.1.4 leads us to the following chain of inclusions:
sac(X) C wsac(X) C bps (X).

Theorem 6.2.2 [f X is complete, then sac(X) and wsac (X) are closed in bps (X)
when endowed with the norm given in (1.2.1).

Proof. Consider a sequence (z"), y C sac(X) and 2° € bps (X) such that

lim Ha:" — xOH =0.
n—o0

For each n € N fixed, we define the sequence (y}'),oy in X given by y;' = 22:1 z’} for
0

every ¢ € N. We also define the sequence (y7),.y in X given by y = Z§':1 9 for every
i € N. We have that (y"),cy C ac(X), (4);en € oo (X), and lim ||y" —¢°|| _=0.
n—00 oo

Therefore, 3° € ac (X) in virtue of Theorem 5.2.3 and hence 2° € sac (X). Similarly,
wsac (X) is closed in bps (X) endowed with the norm given in (1.2.1). O

1
on
a closed subspace of bps (X) endowed with the norm given in (1.2.1). This simple
observation saves us from providing the proof of the following corollary.

Any normed space X is linearly isometric to {( x) nen (T EX }, which, in fact, is

Corollary 6.2.3 The following conditions are equivalent:
1. sac(X) is complete.
2. wsac (X) is complete.

3. X 1s complete.
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6.2.2 The space w*sac (X")

The weak-star version of the almost summability is due now.

Definition 6.2.4 (Boos, 2000; [21]) A sequence (7). in X* is called weakly-
star almost summable when there exists y* € X* such that

AC Z i (x) = y* (x)

forallz e X

o y* is called the weak-star almost sum of (x}),.y

o it is usually denoted by w*AC Z x; =y
i=1

The space of w*-almost summable sequences is defined as:

w*sac (X™*) == {(xf)ieN (x9N vv*ACZx;-k exists} :

i=1
Obviously, every weakly-star summable sequence is weakly-star almost summable

and every weakly almost summable sequence in a dual space is weakly-star almost
summable.

If X is barrelled, then it is easy to prove that w*sac (X*) is a closed subspace of
bps (X*). In case X is not, then w*sac (X*) Nbps (X*) is closed in bps (X*).

6.3 Almost summing multiplier spaces

Following [56] (see Subsection 1.2.2) we can define spaces of almost summing multi-
pliers, which turn out to be subspaces of /.. They are not to be mistaken with the
spaces of almost summable sequences previously defined.

6.3.1 The spaces Sac (> z;) and Syac (O x;)

It is the time now to define the almost summing multiplier spaces.
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Definition 6.3.1 If >  x; is a series in a normed space X, then we can define the
following subspaces of €y :

o Sac (D) ={(ai)ien € loo : ACY a;x; exists}.

o Suac O i) = {(a)ien € loo : WAC Y a;x; exists}.
Obviously, coo € Sac (O ;) € Swac O ).
Lemma 6.3.2 If ¢y C Syac O x;), then > x; is wuC.

Proof. Suppose to the contrary that ) z; is not wuC. In accordance with Theorem
1.2.5, there exists f € X* verifying that Y ° |f(z;)] = 4+o00. Let us proceed as
follows:

e We can choose a natural ny such that >, | f(x;)] > 2-2and fori € {1,...,n}

define
12 i f(m) >0

@ = { —1/2 if f(z;) < 0.
e There exists ny > ny such that Y772 [f(z;)] > 3-3and fori € {n,+1,...,ny}

define
_ 1/3 if f(z:) 20
@ = { —1/3 if f(z;) < 0.

e In this manner we obtain an increasing sequence (ny)reny in N and a sequence
(ai)ien € co such that > °°°, a; f(x;) = 4o00.

Since (a;)ien € Swac(d_ ;) by hypothesis, it follows that wAC Y"° a,x; exists and
therefore (37 a;f(2:)),,cy is @ bounded sequence, which is a contradiction. O

Theorem 6.3.3 The following conditions are equivalent:
1. X 1s complete.
2. The below assertions are equivalent:
(a) > x; is wuC.
(b) Sac (D x;) is complete.
(c) co € Sac(D xy).
(d) Syac (O x;) is complete.
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(e) co C Syac(d xi).
Proof.

1 = 2 Attending to Lemma 6.3.2 and to the chain of inclusions c¢qy C Sac (O ;) C
Swac (O x;), it only suffices to show (a) = (b) and (a) = (d). For similarity
reasons, we will only show (a) = (b). We will, in fact, prove that Syc (O ;)

is closed in fy. Let (a™)nen be a sequence in Sac () ), with a™ = (a)ien
for each n € N, and consider a” € £, in such a way that lim |a" — a°|| = 0.
n—oo

We will show that a® € Sac (3 #;). In accordance with Theorem 1.2.5, there
exists H > 0 such that

= sup {

For each natural n, there exists y,, € X such that y, = AC> 7 alz;.

i L

:neN,|ai\<1,i€{1,...,n}}.

e We claim that (y,)nen is a Cauchy sequence. Indeed, if ¢ > 0 is given,
there exists an ngy such that if p,q > ng, then |’ — a?|| < ¢/3H. If
P, q = ng are fixed, there exists ¢ € N verifying

j i
1
Yp — (Z @y + i1 Z(Z —k+1) J+k%+k)

Wl M

J )
1
Yq — ( E aka + ’L—I——l E (Z —k + 1) j+k$]+k> < 3

k=1

k=1

for each j € N. Then, if p, q

> ny we have that

J i
1
lyp — vall < ||y — (Zaixk—i_i_‘_—lz(l_k—i_l) J+kx?+k>
k=1 k=1
J 1 i
-+ Yqg — (Zaixk—l—H—lZ(z—k—i—l) j—i—kx]‘l'k)
k=1 k=1
J
1—k+1
+ Z (ak — ap)zy + Z —(a'j-i-k — a5, )Tk
k=1
< £ 4 € X £
3 3 3
= £.
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Since X is a Banach space, there exists yo € X such that lim ||y, — yo|| = 0.
n—o0

Finally, we will check that AC > " = Yo, that is,

212

%

J
1
li E 0 —E —k+1 = Yo, uniformly in j € N.
Jim (k:1akxk+i+1k:1(l +1a +k%+k> Yo, umrormiy in j

If ¢ > 0 is given, we can fix a natural n such that ||a" — a°|| < ¢/3H and
|lyn — yol| < €/3. Now, we can also fix i such that for every ¢ > iy it holds that

j i
n 1 3
UYp — (Z a, Ty + H——l Z(Z —k+ 1) ]+kx]+k> < g
k=1 k=1
for every j € N. Next, if ¢ > iy, then it is satisfied that
Yo — (Z apwy, + i1 Z(Z —k+1)a +k%+k> '
k=1 k=1
J 1 i
< lvo = yull + {|yn — (Z apTr + P Z(Z —k+1) ]—chj-i-k) H
k=1 =
j T
+ D (ap — a)a + 1 D (i —k+1)(a), — a) )z
k=1 k=1
2e (1 — k4 1)(a},), — adyy)
< = _ 40 ]+ J-‘r )
3 *le =l Z = 3 e
k=1
2e €
< —+—H
3 * 3H

= £

for every j € N.

2 = 1 Suppose to the contrary that X is not complete. There exists a series Y x;

in X such that |z;| < % and Y z; = 2™ € X™\ X. As a consequence,

ACY x; = x™. Tt is well known that the series > iz; is wuC. Then, by
hypothesis, z** = AC > %mz € X since (%)ZEN € ¢g. This is a contradiction.

O

Proposition 6.3.4 The following conditions are equivalent:
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1. > xy is wuC.

2. The linear operator

Sac(Qx) — X
(ai)ien — ACY Z ax;.

1S continuous.

3. The linear operator

SWAc(ECL’Z') —- X
(a;)ien +— WACY 2, a;x;.

18 CONtINUOUS.
Proof. For similarity reasons, we will only show the equivalence of 7 and 2.

1= 21f Y o is wuC and H := sup{||>_ i, aizi| :n e N, |a;] < 1,0 € {1,...,n}},
then [[ACY 2, a;x;i]| < Hl|all.

2 = 1 Conversely, if {aj,...,a;} C [-1,1] (and considering a; = 0 if ¢ > j), then
HZLI ai:ciH = ||[AC Y2, a;x;|| is less than or equal to the norm of the above
operator. Finally Theorem 1.2.5 applies.

O

6.3.2 The space Syac (D x})

Definition 6.3.5 If > ¥ is a series in the dual X* of a normed space, then we can
define the following subspace of {:

SwrAC (Z xf) = {(ai)ieN €l wAC f: a;x; e:m'sts} )

i=1
In a dual space we obviously have that
coo € Sac (Z 93:) C Syac (Z a:j) C Sy arc (Z ;pj) .
By bearing in mind the w*-compacity of By, the reader can quickly realize that:
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o If > u7 is wuC, then Sysac (O 7)) = loe.

o If Syrac (D7) = lo, then ACY ., o7 () exists for all x € X and all M C N.
Theorem 6.3.6 If X is barrelled, then the following conditions are equivalent:

1. > xf is wuC.

2. Syac (Oo ) =l

8. ACY .\ xi(x) ewists for all x € X and all M C N.

Proof. We only need to show 3 = 1. Effectively, our goal is to use Theorem 1.2.5
by proving that

E = {Zalx: neN g <1,i€ {1,...,n}}
i=1

is bounded. Since X is barrelled, it is sufficient to show that E' is pointwise bounded.
So, suppose to the contrary that E is not pointwise bounded, that is, there exists
zo € X such that Y .o, |7 (x0)| = +oo. Then, we can choose a subset M C N such
that ). _,, 77 (z9) = £0o. However, by hypothesis, AC )", x; (o) exists, which is
a contradiction. U

6.3.3 The Almost Convergence Orlicz-Pettis Theorem

An almost convergence version of Theorem 1.2.6 will be provided to conclude the
third chapter of this book.

Theorem 6.3.7 If X is complete and ) x; is a series in X such that wAC Y, x;
exists for each M C N, then ) x; is uc.

Proof. We will proceed in two steps:

e First off, we will show that > x; is wuC. Indeed, if not, then we can find
M C Nand f € X* such that ), ,, f(x;) = +00. By hypothesis, there exists
ro € X such that AC) . ,, f(x;) = f(x0), which is a contradiction.

e Secondly, we will show that if M C N, then w),_,, z; exists, which already
implies that > x; is uc by applying the classic Orlicz-Pettis Theorem (The-
orem 1.2.6). Effectively, if M C N, then there exists zo € X such that
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WAC ) i p T = 2o, but if f € X*, then >, f(7;) exists and
> fai) = ACY” f(wi) = f(xo).
ieM ieM

As a consequence, w ZieM T = Xo.

The following corollary is deduced as an evident consequence.

Corollary 6.3.8 If X is complete and > x; is a series in X, then the following
assertions are equivalent:

1. > x; is uc.
2. SAC (Z ZL’,) = EOO.
3. Syac (O ) = loo.

6.4 Multiplier spaces of almost summing sequences

In this section we will deal with multiplier spaces of almost summing sequences.
Throughout the whole of this section X will be a Banach space and § a closed
subspace of /,, containing cy. The reason for these impositions on X and S is to
able to rely on Theorem 6.3.3.

6.4.1 The spaces Xxc(S) and Xyac(S)

As we mentioned right above, the following definition finds part of its origins in
Theorem 6.3.3.

Definition 6.4.1 If S is a vector subspace of {, containing co and X is a Banach
space, then the following spaces can be defined:

1. Xac(S) = {(xi)ieN e XN AC Yooy aix; exists if (@i);en € S} )
2. Xwac (8) = {(zi);en € XN : WAC Y2, aj; ewists if (a;),oq €S}
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Notice that Theorem 6.3.3 allows us to deduce that
X (ls) C Xac (S) C Xyac (S) C X (co),
and thus on X¢ (S) and Xyac (S) we can consider the norm (3.2.1).

Theorem 6.4.2 The spaces XsC (S) and Xyac (S) are complete endowed with the
norm given in (3.2.1).

Proof. We will only prove the completeness of Xyac (S), for which it will suffice

to show that Xyac (S,) is closed in X (c¢g). The completeness of Xac (S,) may be

proved in a similar way. Let (z"), . be a sequence in Xy, ac (S) for which there exists

2% € X (cp) such that lim [[z" —2°|| = 0. Fix a = (a;);cy € S\ {0} and n € N,
n—oo

There exists x,, € X such that for every f € X*

j i
lim (Z af () + Z% > (i—k+1)ajnf (w;uk)) = (@)
k=1

k=1
uniformly in j € N. We will show now that (z,), .y is a Cauchy sequence. Given
e > 0, there must exist ny € N such that if p,q > ng, then |27 — 27| < sfar- L
P, q = ng are fixed, then a functional f € Sy« can be found such that

|7y — 24|l = [ f (2p) — £ (24)] .

Besides, there exists ¢ € N such that

J i
1 .
f (xp) - (Z arf (xi) + Z—I——l Z (t—k+1) ajirf (I§+k)) < = (6.4.1)
k=1 k=1
and
J i
1 , €
k=1 k=1
are satisfied for every 7 € N. Thus
[E
= |f(zp) — f(xg)]
< (6.4.1) + (6.4.2)
J i
1 :
+ Zakf(xi — i)+ H—lz(z —k+ 1D ajnf (a8, —22,,)
k=1 k=1
< 4zl = fal
< e
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Since X is complete, there exists xy € X such that lim ||z, — z¢|| = 0. Now, fix
n—o0
f e X*\ {0} and € > 0. There exists n € N such that

Hx" —xOH < and ||z, — zo|| <

€
3lall [ £1 3 HfH
On the other hand, there exists ig € N such that if ¢ > 7, then

<

Wl M

(Z af (z) + % Z (1 —k+1)ajpf (ﬁ%)) — f ()

k=1

for every j € N. Finally, we conclude that

<Zakf o) + —12(1— k+1)ajinf (2 J-i—k)) — [ (o)

k=1
1 [
< Zakf - :L’k Z—l——l (i —k+1)ajuf ( Litk xy+k)
k=1
1 )
+ (Z arf (zy) + z+—12 (i —k+1)ajrf (SC?H@)) — f(zn)
k=1 k=1
+ |f (xn) = f (w0)]
< e = 2| flall I1£1] + % + | fll lzn — ol
< ¢

for each j € N. In other words, wAC Y 77 a2 = x and hence 2° € Xyac (S).
U

Proposition 6.4.3 If (2;),.y € Xac(S) and (¥i);ey € Xwac (S), then the linear
maps are

S —- X S —- X

and

(ai)ien — ACY T, i (ai)ieny — WACY T ay;
are continuous.

Proof. We will only prove the continuity of the second map, since the other one can
be proved in a similar way. Suppose that (a;);.y € S. There exists f € Sx- such
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that
wAC Z ayll = |f <WAC Z aiyi> ‘
i=1 i=1
= |ACD aif (z:)
k=1
J 1 i
— Zliglo ;akf (xx) + T 2 (1 —k+1)apif (Tpsy)

uniformly in 7 € N. Now, if 7,5 € N, then

(i —k+1)aps; f (Trsj)

< el llall

That is, [wAC 3%, awill < [zl lall. =

6.4.2 Uniform almost summability

In the following results we deduce the existence of uniform almost convergence from
certain situations of point-wise almost convergence. As a consequence, we obtain
Hahn-Schur Theorem-like results that generalize other results of uniform convergence
of sequences in X ({) and in X (¢y) that appear in [7, 8, 11, 25, 66]. Even more,
by making use of any regular matrix summability methods (see |7, Theorem 3.3 and
Theorem 3.5|) we show that Hahn-Shur Theorem-like results for sequences in X (co)
remain valid for other generalizations of the concept of convergence, for instance, the
(Banach-Lorentz) almost convergence, even though this type of convergence is not
representable by a matrix summability method.

Theorem 6.4.4 Consider a Banach space X and a closed vector subspace S of {o
containing co such that S is lw-Grothendieck. If (x™), oy s a sequence in X (co)

verifying that for all a = (a;);cy € S we have that lim wACZaix? exists, then

n—00 -
i=1

there exists 2° € X (co) such that lim ||2" —2°|| = 0 in X (co).

n—oo
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Proof. Assume that (z"),.y is not a Cauchy sequence in X (cp). We will reach
a contradiction. Let ¢ > 0 and consider a strictly increasing sequence (ny),cy of
natural numbers verifying that szH > ¢ for all k € N where 2¥ := 2™ —2™+1, Fix an
arbitrary k € N. Be aware of the existence of f; € Bx+ such that Z;’il ‘fk (zf)‘ > €.
On the other hand, for each £ € N we will consider the continuous linear map from
Proposition 6.4.3(2.) given by
Ak - S —- X
(ai)ien = o ((ai);ey) = WAC 30 sz

To simplify, we will denote a,x by a;. The reader may immediately realize that

i , =1l LI R —
kh—glo o ((ai);en) kh—{go wAC Zl a;x; kh—>Holo wAC Zl a;x; 0
for all (a;);cy € S. It follows that (fi o ax),cy is @ sequence in S* which is w* con-
vergent to zero. By hypothesis, it will be o (S*, £, )-convergent to zero. Equivalently

Jim (i 0 o) ((ai)ien) =0

for each (a;);cy € loo. Hence, we have that

o0

o 30 (oo () = i 32 () =0

for all (a;);,cy € - Therefore (( fr (z;?))jeN> is a sequence in ¢; which is w-
keN
convergent to 0. In accordance with the classical Schur Theorem, we deduce that

(( fr (z’?)) : ) is convergent to 0 in the norm of ¢;. However, the latter assertion
T/ JEN) pen

contradicts the fact that Z;’il }fk (zf)} > ¢ for every k € N. O

The previous theorem is still valid if we change almost convergence for weak almost
convergence. Also, the previous theorem generalizes Theorem 3.2.2 and some other
results in |7, 8, 11, 25] for sequences in X (¢g) by means of (weak) almost convergence
summability methods.

6.4.3 Boolean-algebra almost summability
In the next theorem we obtain a sufficient condition for the convergence of sequences
in X (cp) by means of the pointwise convergence of almost sums in a natural Boolean

algebra.
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Theorem 6.4.5 Consider a Banach space X, (z"),o.y C X (o), and a natural
Boolean algebra F with the Vitali-Hahn-Saks property. If lim, oo wWAC Y, pal ex-
ists for each B € F, then then there is 2° € X (cg) such that lim,, . ||z — 2°|| = 0
in X (co).

Proof. Let T be the Stone space of F. In accordance with Subsection 1.4.1 we have
that C (T") is Grothendieck and Cy (7") is barreled, so we can identify C (7') linearly
and isometrically with a closed subspace S of /., containing c¢y. Obviously, S will be
Grothendieck. For each natural n, we define the map

op S - X
a=(a;);cy — onla)=wACY Z a;,

and will denote by ¢ to the corresponding restriction of o, to Sy, where Sy stands
for the subspace of & composed of all finite-valued sequences. Now, if b € Sy,
then lim,,_,. wAC Zfil b;x!" exists. However, Sy is barreled (because Sy corre-
sponds to Cp (T') in the previous identification), so there exists H > 0 such that
|onll = ||02]| < H for all n € N. Next, due to the density of Sy in S, we deduce that
limy, 0o WAC Y7, a;27 exists for all @ = (a;);cy € S- From the previous theorem, it
follows that an 2° € X (c) exists satisfying that nh_}n(r)lo |z" = 2°|| =0in X (cp). O

Corollary 6.4.6 Consider a Banach space X and an {.-Grothendieck closed vector
subspace S of U, containing co. If (x7), oy 15 a sequence in Xyac (S), then (a™), oy is
convergent in Xyac (S) if and only if limy, oo WAC Y7, a;a} exists for each (a;);oy €

S.

6.4.4 The space X.,c(S)

In a similar way, multiplier spaces of w*-almost summable sequences can be defined.

Definition 6.4.7 If X s a Banach space and S is a closed subspace of (., then the
S-multiplier space of w*-almost summable sequences of X* is defined as:

Xieac (S) == {(x;k)ieN e (XN w*AC Zaixf e:r;z'sts} :
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(G-spaces

Recall that a monoid is a set endowed with a binary operation which is associative
and has an identity element. When a monoid is additive we usually call the identity
element the neutral element, and when it is multiplicative the identity element is
usually called the unity element.

Given a monoid G and a non-empty set M, the expression that M be a G-set or a
G-space refers to a (left) action G ~ M, that is, a map G x M — M which is:

e associative (g (hm) = (gh)m for all g,h € H and all m € M) and

e verifies the identity condition (em = m for all m € M where e is the indentity

of G).

A morphism between two G-sets, oM and ¢N, is simply a G-homogeneous map
f: M — N, that is, f(gm) = gf (n) for all g € G and all m € M. A morphism
of G-sets which is bijective verifies that its inverse is also a morphism of G-sets. A
G-subset of a G-set is simply a subset which is closed under the action. Morphisms
of G-sets preserve both images and pre-images of G-subsets. We refer the reader to
[70] for wider perspective on the category of G-sets.

Given a G-set, the non-empty intersection of a family of G-subsets is another G-
subset, and thus the generated G-subset by a non-empty subset can be defined as
the intersection of all those G-subsets containing that given subset.

Notable subsets of a G-set M are the orbits Gm of each element m € M. Notable
submonoids of G are the stabilizers G,, := {g € G : gm = m} of ecach element
me M.

Recall that a left action G ~ M is said to be:
o trivial if each stabilizer is the whole monoid G or equivalently all the orbits are

trivial, that is, Gm = {m}.
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o transitive if the orbit of each element is the given set M;

o faithful if the following morphism of groups is a monomorphism (that is, injec-
tive):
G — M!
M — M
g m —  gm,
where M! denotes the symmetric group of M, that is, the group of permutations
of M;
e free if the map
G - M
g = gm

is injective for every m € M.

The reader may notice that when G is a group, then an action is free if and only if
each stabilizer if the trivial group, that is, G, = {e}.

Every G-space can be endowed with a pre-order as follows: m < n if and only if
m € Gn. If G is a group, this pre-order is also an equivalence relation whose quotient
set is the partition of M into the orbits.

Throughout the whole of this appendix, G stands for a monoid acting from the left
on a non-empty set M. Sometimes G will be a group, situation that will be explicitly
stated.

.1 G-density

The G-density basically consists of finding, given a (left) action, the smallest subsets
which generate the whole set by orbiting through the monoid.

.1.1 G-density and G-generator sets

We will immediately proceed to define and characterize the G-density. This definition
is purely algebraical, however it somehow dyes as a topological definition.

Definition .1.1 A subset N of a G-set M is G-dense in M provided that NNGm #
& for allm € M.

116



APPENDIX . G-SPACES .1. G-DENSITY

The first fact we would like to point out about the GG-density is that in order to check
that a certain non-empty subset is G-dense it is not necessary to go through all the
orbits.

Lemma .1.2 A subset N of M is G-dense in M if and only if NNGm # & for all
me M\ N.

Proof. Indeed, {n} C NNGn foralln € Nsoif NNGm # @ for all m € M\ N,
then we trivially deduce that N is G-dense in M. U

Next, we will characterize the G-density when G is a group. However, we would first
like to state and prove the following proposition which in some sense settles what
type of characterization we will be making use of.

Proposition .1.3 If N is a non-empty subset of M, then:

1. The G-subset generated by N is GN.

2. N is a G-generator of M (that is, GN = M ) if and only if M \ N C GN.
Proof.

1. In the first place notice that GN is a G-subset of M which contains N. There-
fore by definition we have that GN contains the G-subset of M generated by
N. Now let any gn € GN with g € G and n € N. Consider any G-subset P of
M containing N. Since n € P we obtain that gn € P and so GN C P. This
shows that GN is contained in the G-subset generated by N.

2. Simply observe that if M \ N C GN, then M = NUM\ N CGN C M.
U

The G-density can be characterized in terms of generated G-subsets provided that
G is a group.

Theorem .1.4 If G is a group, then the following conditions are equivalent:
1. N is G-dense in M.
2. N is a G-generator of M, that is, GN = M.

Proof.
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1= 2 Let m € M. By hypothesis we can find n € N N Gm, so let g € G such that
n = gm. Finally, m = ¢g~'n € GN.

2= 1 Let m € M\ N. By hypothesis we can find n € N and h € G such that
hn = m. Finally, h™'m = n € N. Now it only suffices to apply Lemma .1.2.

O

The next example shows that Theorem .1.4 does not remain true for monoids.
Example .1.5 Consider the additive monoid G := [0,400) acting from the left on
itself, M :=[0,+00), by right translation:

[0, +00) x [0,400) — [0,400)
(t,z) +—
We have the following:
o The orbit of any element x € [0,400) is Gx = [z, 00).
o A non-empty subset A of [0,4+00) is G-dense if and only if sup (A) = +00.
o As a consequence, there is no minimal G-dense subset.
e [f N is a non-empty subset of [0, +00), then

{(inf(N),+oo) if inf(N)¢ N

GN=JGn=Jn+o)= linf (N), +00) if inf(N)eN

neN neN

o As a consequence, a non-empty subset N of [0,+00) is a G-generator if and
only if 0 € N.

The last result in this subsection shows that (G-dense subsets are preserved under
morphisms of G-sets.

Proposition .1.6 Assume that G is a group and f : ¢M — N is a morphism of
G-sets.

1. If P is a G-dense subset of N, then f~1(P) is a G-dense subset of M.

2. If f is surjective and P is a G-dense subset of M, then f(P) is a G-dense
subset of N.

Proof.
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1. Let m € M. By hypothesis there are ¢ € G and p € P such that gp = f (m).
Notice that p = g7'f (m) = f(g~'m) and hence g7'm € f~'(P). Finally,
m=g(g~'m) € Gf(P).

2. Let n € N. By hypothesis there exists m € M such that f(m) =n. We can
also find p € P and g € G such that gp = m and hence n = f (m) = f(gp) =

9f (p) € Gf (P).
O

To finish this subsection we would like to single out that any subset containing a
G-dense subset or a G-generator is trivially G-dense or a G-generator, respectively
(for this to hold it is not necessary that G' be a group).

1.2  (G-free sets

This subsection is devoted to define and study the G-free sets. Later on we will
relate this type of sets with the so called “G-fundamental domains”.

Definition .1.7 A non-empty subset N of M is said to be G-free provided that
GnN N ={n} foralln € N.

At this stage we consider crucial to single out the following two basic facts on G-free
sets.

o If G is a group, then N is G-free if and only if for all g;,9o € G and all
ni,ng € N, the condition giny = gony implies that ny = ny. Notice that
the fact that g; = g9 is not necessarily implied, contrary to what happens
with linearly independent sets in vector spaces, unless the action is free of
course. These issues will be treated and compared against in Subsection .2.1
and Subsection .2.2.

o If N is G-free, then all of its subsets are also G-free (for this to hold it is not
necessary that G be a group).

Proposition .1.8 Let f: oM — N be a monomorphism of G-sets.
1. If P is a G-free subset of N, then f~'(P) is a G-free subset of M.
2. If P is a G-free subset of M, then f (P) is a G-free subset of N.

Proof.
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1. Let my,my € f~1(P) and g € G such that gm; = my. Then gf (m;) =
f(gmy) = f (ma). By hypothesis f (m2) = f (m;) and hence m; = ma.

2. Let p,q € P and g € G such that gf (p) = f (¢). Then f (gp) = f (¢q) therefore
gp = q by the injectivity of f. Finally, ¢ € GpN P = {p} by hypothesis and
thus f (¢) = f (p).

U

Finally, G-free sets are characterized by the following extension property when G is
a group and the action is free.

Proposition .1.9 If G is a group acting freely from the left on M and F is a non-
empty subset of M, then the following conditions are equivalent:

1. F is G-free.

2. If ¢N is any G-set and o : F' — N is any map, then there exists a map
p: GF — N which is unique verifying that Blr = « and [ is a morphism of
G-sets.

3. If ¢N is any G-set and o : F' — N 1is any map, then there exists a map
B : GF — N verifying that 5| = « and B is a morphism of G-sets.

Proof.
1 = 2 It suffices to define S (gf) :== ga(f) for all g € G and all f € F.
2 = 3 Fairly obvious.

3 = 1 Assume that F'is not G-free. In this case we may find g € G and f; # fo € F
such that gf; = fo. Now it is easy to find a G-set ¢/N with more than one
element and a map « : F' — N such that a (f3) # ga (f1). By hypothesis there
exists a map  : GF — N verifying that 5| = « and § is a morphism of
G-sets. Then

a(fa) =B (fe) = B(9f1) =98 (f1) = ga(f)

which constitutes a contradiction.

O

The reader may notice that in the previous result for the implication 8 = 1 to remain
true it is not necessary that G be a group or the action be free.
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.1.3 (G-bases and G-fundamental domains

First we will characterize the minimal G-dense sets.

Lemma .1.10 If G is a group and N is a G-dense subset of M, then the following
conditions are equivalent:

1. N is minimal among the G-dense subsets of M.
2. N 1s G-free.
Proof.

1 = 2 Assume that there exist n € NV and g € G such that gn € N\ {n}. In this case
note that N \ {gn} is G-dense.

2= 1 Let P C N be such that P is G-dense in M. Let n € N. By hypothesis
GnN N = {n}. By assumption there exist g € G and p € P such that gp = n.
Now p=g'ne€ GnNP C GnNN = {n}. This means that n = p € P and
hence N = P.

O

The previous lemma can be versioned for maximal G-free sets.

Lemma .1.11 If G is a group and N is a G-free subset of M, then the following
conditions are equivalent:

1. N is mazimal among the G-free subsets of M.
2. N is G-dense.
Proof.
1= 2 Let m € M\ GN. Notice that N U {m} is G-free and strictly contains N.

2= 1 Let P O N be such that P is G-free in M. Let p € P. By hypothesis there are
n € N and g € G such that p = gn. Now n = g~'p € GpN P = {p}, which
means that p=n € N.

O

Both Lemma .1.10 and Lemma .1.11 motivate the following expected definition.
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Definition .1.12 A subset B of M is said to be a G-basis of M provided that B 1is
G-free, G-dense, and a G-generator of M.

Obviously, if G is a group, then a G-basis is a G-free, G-dense subset in virtue of
Theorem .1.4.

We recall the reader that, given a (left) action of a group G on a non-empty set M,
a G-fundamental domain of M is a subset of M which contains exactly one element
from each orbit. It is not difficult to show that the G-fundamental domains are
exactly the G-bases (when G is a group). The following result shows the existence
of G-bases. We will strongly rely on Lemma .1.11.

Theorem .1.13 If G s a group, then:
1. Fvery G-free subset F' of M 1is contained in a G-basis B of M.
2. Fvery G-dense subset D of M contains a G-basis B of M.
3. If B and C" are G-bases of M, then card (B) = card (C).
Proof.

1. Consider the non-empty set £ := {P C M : FF C P and P is G-free} partially

ordered by the inclusion. We will show that £ is an inductive set. Let (F;),.; be

a chain in £. Notice that (J,.; P; € £. Indeed, it is obvious that F' C (J,.; P;.
Now let p € (J,c; P5 and g € G such that gp € |J,.; 5. Because of the total
order there must exist ¢ € I such that gp,p € P;. Therefore gp = p. In
accordance to the Zorn’s Lemma there exists a maximal element in £ which
we will denote by B. In virtue of Lemma .1.11 we have that N is a G-basis of

M.

2. Consider the non-empty set £:={P C M : D O P and P is G-free} partially

ordered by the inclusion. We will show that £ is an inductive set. Let (F;),.; be

a chain in £. Notice that J,.; P; € £. Indeed, it is obvious that D 2 | J,.; B
Now let p € |J,c; 5 and g € G such that gp € (J,.; 5. Because of the total
order there must exist ¢ € I such that gp,p € P;. Therefore gp = p. In
accordance to the Zorn’s Lemma there exists a maximal element in £ which
we will denote by B. In order to show that B is a G-basis of M it suffices to
proof that B is G-dense in M, for which it is enough to show that D C GB.
Suppose to the contrary that there exists d € D\ GB. Notice that B U {d} is
G-free, contained in D and strictly contains B, which contradicts the fact that

B is maximal.
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3. By hypothesis for every ¢ € C there exists a unique element b, € B such that
¢ € Gb.. The Axiom of Choice allows us to consider the set {b. € B:c e C}
and to define the map

¢ —- B

Lo (1.1)

It is not hard to see that the previous map is injective (recall a previous obser-
vation about free sets). In order to see that it is surjective it only suffices to
realize that the set {b.: c € C'} is a G-basis of M.

O

Finally, following the idea behind Proposition .1.9 we find that G-bases can also be
characterized by the following extension property when G is a group and the action
is free.

Proposition .1.14 If G is a group acting freely from the left on M and B is a
non-empty subset of M, then the following conditions are equivalent:

1. B is G-basis.

2. If ¢N is any G-set and o« : B — N is any map, then there exists a map
B : M — N which is unique verifying that 5|p = « and B is a morphism of
G-sets.

Proof.
1 = 2 Inmediate in virtue of Proposition .1.9.

2 = 1 Obviously, B is G-free in accordance to Proposition .1.9. Suppose to the con-
trary that GB C M. By applying (1) of Theorem .1.13 there exists a G-basis
V of M such that B C V. Now consider ¢N to be any G-set with more
than one element and o : B — N any map. Since B C V and N has more
than one element, we can find two different extensions a; # as : V. — N of
a. Now Proposition .1.9 assures the existence of 5, # B : M — N which
are morphisms of G-sets and extensions of a; and aw, repesctively. This is a
contradiction.

O

The reader may notice that in the previous result for the implication [2 = 1] to
remain true it is not necessary that the action be free.
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.1.4 (G-density character and G-dimension

This subsection is devoted to define and study the G-density character, which is
nothing else but an index to indicate the smallest size of the G-dense subsets. In
virtue of Theorem .1.13 we feel motivated to define both the GG-density character and
the G-dimension in the following way.

Definition .1.15

o The G-density character of M 1is defined as the smallest cardinal that is G-dense
in M (if it exists) and it is denoted by dchar (¢ M).

e The G-dimension of M is defined as the smallest cardinal that is a G-generator
of M (if it exists) and it is denoted by dim (g M).

Unfortunately there is not any type of order relation between the G-density character
and the G-dimension, as shown in the following example (we recall the reader about
Example .1.5 and refer him or her to Subsection .2.1 and Subsection .2.2).

Example .1.16

o Consider the additive monoid G = [0, +00) acting from the left on itself, M :=
[0, 4+00), by right translation:

[0, 4+00) % [0, 400)
(t,z)

In accordance to what was revealed in Example .1.5 we have that

[0, +00)

— )
— t+x

1 =dim (¢M) < Ry = dchar (¢ M) .

e Consider R? as a real vector space. From (3) of Proposition .2.2 and from
Theorem .2.6 one can infer that

1 = dchar (R]R2) < Ny =dim (RRz) .

We will finish this subsection with an immediate corollary of Theorem .1.13.

Corollary .1.17 If G is a group, then the G-density character of M coincides with
the G-dimension of M, that is, the cardinal of any G-basis of M.
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.1.5 Extreme cases of G-density

This subsection is on two results that characterize the cases of maximum and mini-
mum G-density. We will begin with the situation of minimum G-density. We recall
the reader that a left action of a monoid on a given non-empty set is said to be
transitive provided that all the orbits equal the whole set.

Theorem .1.18 The following conditions are equivalent:
1. The action s transitive.
2. FEvery non-empty subset of M is a G-generator.
3. Every non-empty subset of M is G-dense.

In this situation both the G-density character and the G-dimension of M are equal
to 1.

Proof.

1= 2 Let N be a non-empty subset of M. If n € N, then by definition we have that
M=Gn CGN C M.

2= 8 Let N be a non-empty subset of M and consider any m € M. Since {m}
is a G-generator of M by hypothesis, then we have that Gn = M and so
NNGn=NNM=N #a.

3 = 1 Fix an arbitrary m € M. Consider any other n € M. By hypothesis {n} is
G-dense in M, therefore {n} N Gm # &, which meas that n € GM. As a
consequence, Gm = M and the action is transitive by the arbitrariness of m.

O

In case of group actions the previous theorem can be improved by settling that the
condition that the G-density equal 1 is equivalent to the previous two ones.

Corollary .1.19 If G is a group, then the following conditions are equivalent:
1. The action s transitive.
2. The G-density character of M is 1.
3. The G-dimension of M is 1.
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Proof. In the first place, notice that conditions 2 and 3 above are exactly the same
in virtue of Theorem .1.4. Now, if the G-dimension of M is 1, then there exists an
orbit which equals the whole set M. Since G is a group we immediately deduce that
the action is transitive. U

Now we will take care of the case of maximum G-density. We remind the reader that
an action is trivial provided that gm = m for all ¢ € G and all m € M.

Theorem .1.20 The following conditions are equivalent:
1. The action s trivial.
2. The only G-dense subset of M is M.
3. The only G-generator subset of M is M.
In this situation the G-density character of M is card (M).
Proof.

1= 2 Let N be a G-dense subset of M. Let m € M. By hypothesis we have that
N NGm # @, so there are g € G and n € N such that n = gm = m. As a
consequence, N = M.

2 = 3 Let N be a G-generator subset of M. Fix arbitrary elements g € G and n € N
and suppose that gn # n. Then M \ {n} C M and M \ {n} is G-dense in M.
This contradicts the hypothesis, therefore it must happen that gn = n. Since
this is for every g € G and every n € N, the fact that N is a G-generator of
M automatically implies that N = M.

3= 1 Let g € G and m € M and suppose to the contrary that gm # m. Then
M\ {gm} C M and G (M \ {gm}) = M, which is a contradiction.

O

.2 Applications of G-density

In this final section we will see two applications of G-density. Due to the fact that
the G-density coincides with the G-generation whenever G is a group, we will make
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a study of this topic in modules and vector spaces and compare it to the linear
independence.

.2.1 (G-density in modules
This subsection is meant to compare the linear independence to the G-freeness. We
will begin with the following crucial lemma.
Lemma .2.1 Consider a submonoid H of G. Then:

1. If N C M is G-free in M, then N is H-free in M.

2. If N C M is an H-generator of M, then N is a G-generator of M.

3. If both dim (g M) and dim (M) ezist, then dim (M) < dim (5 M).

4. If N C M 1s H-dense in M, then N is G-dense in M.

5. If both dchar (y M) and dchar (M) ezist, then dchar (¢ M) < dchar (5 M).
Proof.

1. Simply notice that if n € N, then {n} C HnN N C GnN N = {n}.

2. Observe that M = HN C GN C M.

3. Let N C M such that card (N) = dim (g M) and N is an H-generator of M.
By taking into account the previous paragraph we have that N is a G-generator
of M and so dim (M) < card (N) = dim (5 M).

4. Let m € M. Notice that @ # NN Hm C N N Gm.

5. Let N C M such that card (N) = dchar (g M) and N is H-dense in M. By
taking into account the previous paragraph we have that N is G-dense in M
and so dchar (¢ M) < card (N) = dchar (g M).

U

Given an associative ring with unity R we will denote by U (R) to the multiplicative
group of all invertible elements of R. Recall that, since U (R) is a group, the concepts
of U (R)-dense and U (R)-generator coincide in virtue of Theorem .1.4. The previous
lemma together with Theorem .1.13 gives us the following result.
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Proposition .2.2 Let R be a non-zero associative ring with unity and consider a
left R-module gM. Then we have the following:

1. If F is an R-linearly independent subset of M, then F' is both R-free andU (R)-
free.

2. If F is an R-generator of M or a U (R)-generator of M, then the R-linear span
of Fis M.

3. A subset F' of M is R-dense if and only if 0 € F'. In particular, {0} is R-dense
and thus dchar (rRM) = 1.

4. If M is free as a left R-module, then dim (gM) < dchar (yr)M), where
dim (rM) denotes now the dimension of gM as a free left R-module.

Proof.

1. Let my,ms € F and r € R such that rm; = ms. If my % my, then rmy—mgo =0
and this contradicts the fact that F' is a R-linearly independet subset of M.

2. Obvious since RF' = M by hypothesis.

3. Assume that F'is R-dense. Notice that RO N F # &, therefore 0 € F. Con-
versely, {0} is clearly R-dense because every orbit Rm, with m € M contains
0.

4. Let B C M a basis of M as a free left R-module. By 1 of this proposition we
have that B is U (R)-free in M and so dim (zgM) = card (B) < dchar (y M)
in accordance to Theorem .1.13.

O

The previous proposition finds also its version for vector spaces in the following
result.

Proposition .2.3 Let K be a non-zero division ring and consider a left K-vector
space xX. Consider a non-empty subset F' C X. We have the following:

1. If F is not a singleton, then F is K-free if and only if 0 ¢ F and F is (K \ {0})-

free.

2. If F C X\ {0} is (K \ {0})-free, then F'U{0} is also (K \ {0})-free.

3. If0 ¢ F, then F is (K \ {0})-dense in X \ {0} if and only if F is K-dense in
X\ {0}.
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4. Fis a (K \ {0})-generator of X if and only if 0 € F and F is a K-generator
of X.

Proof.

1. Assume first that I is K-free. By I of Lemma .2.1 we have that F'is (K \ {0})-
free. Now suppose to the contrary that 0 € F. Since F' is not a singleton there
must exist z € F'\ {0}. In this situation Kx N F' = {x,0} which contradicts
the fact that F'is K-free.

Conversely, assume that 0 ¢ F and F is (K \ {0})-free. Let x,y € F and
k € K such that kx = y. Notice that k # 0 since y € F' C X \ {0}, therefore
by hypothesis y € (K \ {0})z N F = {z}.

2. Let z,y € FU{0} and k € K \ {0} such that ko =y. If y =0, then z =0
since k # 0. If y # 0, then = # 0, and thus the (K \ {0})-freeness of F' allows
that z = .

3. In accordance to 3 of Lemma .2.1, if F'is (K \ {0})-dense in X \ {0}, then F
is K-dense in X \ {0}.

Conversely, assume that F' is K-dense in X \ {0}. Let z € X'\ {0} and consider
the orbit (K \ {0})z. By hypothesis there exists an element y € I such that
y € Kx N F, which means that there is £ € K such that kx = y. Notice that
y # 0 since 0 ¢ F and thus k # 0. As a consequence, y € (K \ {0})zN F.

4. By taking into account 2 of Lemma .2.1, if F'is a (K \ {0})-generator of X,
then F'is a K-generator of X. We will show now that 0 € F'. By hypothesis,
there are k € K \ {0} and x € F such that kx = 0. This implies that = = 0.

Conversely, assume that 0 € F' and F is a K-generator of X. If z € X, then
by hypothesis we can find k¥ € K and y € F such that ky = x. If x # 0, then
k # 0 and we are done. If z = 0, then we are also done because 0 € F'.

O

.2.2 (-density in normed linear spaces

In this subsection we will make use of norms and absolute values to compute density
characters and find G-bases of vector spaces over division rings.
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Remark .2.4 Assume X is a non-zero normed linear space over a non-zero absolute-
valued division ring K. Notice that

X)) = (J 1K) el

zeX

As a consequence, the unit sphere of X, Sx = {x € X : ||z|| = 1}, is not empty if
and only if [|-|| (X) 2 || (K.

Theorem .2.5 Let X be a non-zero normed linear space over the non-zero absolute-
valued division ring K. Assume that Sx # @. The following conditions are equiva-
lent:

1. Sx is a (K \ {0})-dense subset of X \ {0}.
2. HMX) = | () -
Proof.

1 = 2 Notice that it is sufficient to show that [|-|[(X) C |-| (K) since Sy # &. Let
x € X \ {0}. By hypothesis there exist k € K and y € Sy such that ky = «.
Then [k| =[] |lyll = [[kyl| = [|=]| .

2= 1 Let x € X \ {0}. By hypothesis there exist k € K \ {0} such that |k| = ||z]|.
Notice that |k~ = |k|™" = ||2|| ", therefore k2 € Sx and k (k~'z) = x.

0

Our purpose in this subsection is to explicitly construct a (K \ {0})-basis for any
non-zero left K-vector space over an arbitrary non-zero division ring K. For this we
will strongly rely on Theorem .2.5.

Theorem .2.6 Let X be a non-zero normed linear space over the non-zero absolute-
valued division ring K. Assume that both Sx and Sk are not empty. Consider the
equivalence relation on Sx given by

R :={(z,y) € Sx X Sx : exists k € Sk such that v = ky}.

IfSx is a (K \ {0})-dense subset of X \ {0}, then the (K \ {0})-density character of
X\ {0} is
card <S%) .
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Proof. It suffices to consider, in virtue of the Axiom of Choice, a set B composed
exactly of only one element from each equivalent class in Sy /R and to apply Lemma
.1.10 to come to the conclusion that B is a (K \ {0})-basis of X \ {0}. O

Remark .2.7 Let X be a non-zero vector space over a mon-zero division ring K.
Let |-| be a non-zero absolute value on K. Consider (z;),.; to be a basis of X as a
K-vector space and define the following norm on X:

v, + -+ ks || = max {[kal .. . [k}

where ki, ..., ky, € K. It is clear that Sx # @ and ||-|| (X) = || (K). In case |-| (K)
is a submonoid of the additive monoid [0, 00), then the norm on X given by

kg, + oo+ kg, || = [k 4+ [kl
where ki, ..., k, € K, also verifies that Sx # @ and ||-|| (X) = || (K).

By bearing in mind the previous remark all we need to focus on is finding a non-zero
absolute value over any non-zero division ring.

Theorem .2.8 Let X be a non-zero vector space over a non-zero division ring K.

There ezist an absolute value |-| on K and a norm ||-|| on X such that Sx # @ and
-1 (X) = |-| (K). In this situation, if we consider the equivalence relation on Sx
given by

R :={(x,y) € Sx x Sx : ewists k € Sk such that x = ky},
then the (K \ {0})-density character of X \ {0} is

Sx
card <%)

and a (K \ {0})-basis of X \ {0} can be obtained by considering, in virtue of the
Aziom of Choice, a set B composed exactly of only one element from each equivalent
class in Sx /R.

Proof. It suffices to apply Theorem .2.6 after considering the following absolute
value on K:
- K — {0}
0 ifk=0
ko A '_{ 1 ifk#0

131



.2. APPLICATIONS OF G-DENSITY APPENDIX . G-SPACES

132



Bibliography

1]

2l

13l

4]

[5]

6]

17l

8]

19]

A. Aizpuru, A. Gutiérrez-Davila, and F. J. Pérez-Fernandez: “Boolean algebras
and uniform convergence of series”. J. Math. Anal. Appl. 284 (2003), 89-96.

A. Aizpuru, A. Gutiérrez-Davila, and A. Sala: “Unconditionally Cauchy series
and Cesaro summability”. J. Math. Anal. Appl. 324 (2006), no. 1, 39-48.

A. Aizpuru, R. Armario, F. J. Garcia-Pacheco, and F. J. Pérez-Fernandez: “Ba-
nach limits and uniform almost summability”. J. Math. Anal. Appl. 379 (2011),
no. 1, 82-90.

A. Aizpuru, R. Armario, F. J. Garcia-Pacheco, and F. J. Pérez-Fernandez:

“Vector-valued almost convergence and classical properties in normed spaces”.
Proc. Indian Acad. Sci. Math. Sci. 124 (2014), no. 1, 93-108.

A. Aizpuru, R. Armario, and F. J. Pérez-Ferndndez: “Almost summability and
unconditionally Cauchy series”. Bull. Belg. Math. Soc. Simon Stevin 15 (2008),
no. 4, 635-644.

A. Aizpuru-Tomés and F. Benitez-Trujillo: “The Bade property and the A-
property in spaces of convergent sequences’. Collect. Math. 42 (1991), no. 3,
245-251.

A. Aizpuru, F. J. Garcia-Pacheco, and C. Pérez-Eslava: “Matrix summability
and uniform convergence of series”. Proc. Amer. Math. Soc. 135 (2007), no. 11,
3571-3579.

A. Aizpuru, A. Gutiérrez-Davila, and F. J. Pérez-Fernandez: “Boolean algebras
and uniform convergence of series”. J. Math. Anal. Appl. 284 (2003), 89-96.

A. Aizpuru, C. Pérez-Eslava, and J. B. Seoane-Septlveda: “Matrix summability
methods and weakly unconditionally Cauchy series". Rocky Mountain J. Math.,
39 (2009), no. 2, 367-380.

133



BIBLIOGRAPHY BIBLIOGRAPHY

[10] A. Aizpuru and F. J. Pérez-Fernandez: “Characterization of series in Banach
spaces”. Acta Math. Univ. Comenian 68 (1999), 337-344.

[11] A. Aizpuru and F. J. Pérez-Fernandez: “Spaces of S-bounded multiplier conver-
gent series”. Acta Math. Hungar. 87 (2000), no. 1-2, 135-146.

[12] R. Armario, F. J. Garcia-Pacheco, and F. J. Pérez-Férnandez: “On the Krein-
Milman Property and the Bade Property”. Linear Algebra and Applications 436
(2012), no. 5, 1489-1502.

[13] R. Armario, F. J. Garcia-Pacheco, and F. J. Pérez-Férnandez: “On vector-valued
Banach limits”. Funct. Anal. Appl. 47 (2013), no. 4, 315-318.

[14] R. M. Aron and R. H. Lohman: “A geometric function determined by extreme
points of the unit ball of normed space”. Pacific Journal of Math. 2 (1987),
209-231.

[15] R. M. Aron, R. H. Lohman, and A. Suéarez: “Rotundity, the convex series rep-
resentation property and the A-property in Banach spaces”. Proc. Amer. Math.
Soc. 111 (1991).

[16] W. G. Bade: The Banach space C (S). Lecture Notes Series 26. Matematisk
Institut, Aarhus Universitet, Aarhus 1971.

[17] F. Benitez: “Estudio de los espacios C(K,R) con K compactificacion 0-
dimensional de w”. Ph.D. Thesis, University of Seville, 1988.

[18] C. Bessaga and A. Petczyniski: “On bases and unconditional convergence of
series in Banach spaces”. Stud. Math. 17 (1958), 151-164.

[19] S. Banach: Théorie des Opérations Linéaires. Monografie Matematyczne 1,
Warszawa, 1932.

[20] S. Banach: Théorie des Opérations Linéaires. Chelsea Publishing company. New
York (1978).

[21] J. Boos: Classical and Modern Methods in summability. Oxford University Press
(2000).

[22] J. Boos and D. Seydel: “Some remarks on invariant means and almost conver-
gence”. J. Anal. 7 (1999), 21-29.

[23] J. Boos and T. Leiger: “Consistency theory for operator valued matrices”. Anal-
ysis 11 (1991), no. 4, 279-292.

134



BIBLIOGRAPHY BIBLIOGRAPHY

[24] N. Bourbaki: Topological vector spaces. Chapters 1-5. Translated from the
French by H. G. Eggleston and S. Madan. Elements of Mathematics (Berlin),
Springer-Verlag, Berlin, 1987.

[25] Q. Bu and C. Wu: “Unconditionally convergent series of operators on Banach
Spaces”. J. Math. Anal. Appl. 207 (1997), 291-299.

[26] M. M. Day: Normed linear spaces. Third edition. Ergebnisse der Mathematik
und ihrer Grenzgebiete, Band 21. Springer-Verlag, New York-Heidelberg, 1973.

[27] R. Deville, G. Godefroy, and V. Zizler: Smoothness and renormings in Banach
spaces. Pitman Monographs and Surveys in Pure and Applied Mathematics 64,
New York, 1993.

[28] J. Diestel: Geometry of Banach spaces-selected topics. Lecture Notes in Mathe-
matics 485, Springer-Verlag, Berlin-New York, 1975.

[29] J. Diestel: Sequences and series in Banach spaces. Graduate Texts in Mathe-
matics, Springer-Verlag, New York, 1984.

[30] J. Diestel and J. Uhl, Jr.: Vector Measures. Mathematical Surveys and Mono-
graphs 15, American Mathematical Society, 1977.

[31] J. Diestel, B. Faires, and R. Huff: “Convergence and boundedness of measures
on non-sigma complete algebras”. Unpublished work, 1976.

[32] J. Diestel, H. Jarchov, and A. Tonge: Absolutely summing operators. Cambridge
Univer. Press, Cambridge, 1995.

[33] N. Dunford and J. T. Schwartz: Linear Operators. Interscience Publishers, New
York, 1958.

[34] M. Fabian, P. Habala, P. Hajek, V. Montesinos-Santalucia, J. Pelant, and V.
Zizler: Functional Analysis and Infinite-Dimensional Geometry. CMS Books in
Mathematics, Springer, 2001.

[35] V. P. Fonf, J. Lindenstrauss, and R. R. Phelps: Infinite dimensional convexity.
Handbook of the geometry of Banach spaces, Vol. I, 599-670, North-Holland,
Amsterdam, 2001.

[36] F. J. Garcia-Pacheco: Four Non-Linear Problems on Normed Spaces. Volume 1.
Verlag Dr. Miiller, Berlin, 2008.

[37] F. J. Garcia-Pacheco: “Non-continuous linear functionals on topological vector
spaces”. Banach J. Math. Anal. 2 (2008), 11-15.

135



BIBLIOGRAPHY BIBLIOGRAPHY

[38] F. J. Garcia-Pacheco: “Extremal properties of the set of vector-valued Banach
limits”. Open Math. 13 (2015), 757-767.

[39] F. J. Garcia-Pacheco: “Convex components and multi-slices in real topological
vector spaces”. Ann. Funct. Anal. 6 (2015), no. 3, 73-86.

[40] F. J. Garcia-Pacheco and F. J. Pérez-Fernandez: “Fundamental aspects of
vector-valued Banach limits”. Izv. Math. 80 (2016), —.

[41] F. J. Garcia-Pacheco and B: Zheng: “Geometric properties on non-complete
spaces”. Quaest. Math. 34 (2011), no. 4, 489-511.

[42] A. J. Guirao and P. Hajek: “Schauder bases under uniform renormings”. Posi-
tivity 11 (2007), no. 4, 627-638.

[43] P. Hajek, V. Montesinos-Santalucia, J. Vanderwerff, and V. Zizler: Biorthogonal
systems in Banach spaces. CMS Books in Mathematics, 26. Springer, New York,
2008.

[44] R. Haydon: “A non-reflexive Grothendieck space that does not contain £,
Israel J. Math. 40 (1981), 65-73.

[45] R. E. Huff and P. D. Morris: “Dual spaces with the Krein-Milman property have
the Radon-Nikodym property”. Proc. Amer. Math. Soc. 49 (1975), 104-108.

[46] R. C. James: Characterizations of reflexivity. Studia Math. 23 (1964), 205-216.

[47] V. M. Kadets and B. Shumiatskey: “Averaging technique in the periodic decom-
position problem”. Matematicheskaya fizika, analiz, geometriya 7 (2000), no. 2,
184-195.

[48] V. M. Kadets and B. Shumiatskey: “Improvements to the periodic decomposi-
tion theorem”. Acta Math. Hungar. 90 (2001), no. 4, 293-305.

[49] M. Krein and D. Milman: “On extreme points of regular convex sets”. Studia
Math. 9 (1940), 133-138.

[50] G. Lorentz: “A contribution to the theory of divergent sequences”. Acta Math.
80 (1948), 167-190.

[51] C. W. McArthur: “On relationships amongst certain spaces of sequences in an
arbitrary Banach space”. Canad. J. Math. 8 (1956), 192-197.

[52] R. E. Megginson: An Introduction to Banach Space Theory. Graduate Texts in
Mathematics, 183. New York, Springer-Verlag, 1998.

136



BIBLIOGRAPHY BIBLIOGRAPHY

[53] E. Odell: Applications of Ramsey Theorem to Banach Space Theory. Notes in
Banach Spaces (H. E. Lacey, ed.) Texas Univ. Press (1981).

[54] W. Orlicz: “Beitriige zu Theorie der Orthogonalentwicklungen, 11.” Studia Math.
1 (1929), 241-255.

[55] A. L. Peressini: “Banach limits in vector lattices”. Studia Math. 35 (1970), 111—
121.

[56] F. J. Pérez-Fernandez, F. Benitez-Trujillo, and A. Aizpuru: “Characterizations
of completeness of normed spaces through weakly unconditionally Cauchy se-
ries”. Czech. Math. J. 50 (2000), no. 4, 889-896.

[57] A. Pietsch: History of Banach spaces and linear operators. Birkhauser Boston,
Inc., Boston, MA, 2007.

[58] H. Rosenthal: “On injective Banach spaces and the spaces C (S)”. Bull. Amer.
Math. Soc. 75 (1969), 824-828.

[59] W. Schachermayer: “On some classical measure-theoretic for non-sigma-—
complete Boolean algebras”. Dissertationes Math. (Rozprawy Mat.) 214 (1982).

[60] J. Schauder: “Zur Theorie stetiger Abbildungen in Funktionalraumen”. Mathe-
matische Zeitschrift 26 (1927), 47-65.

[61] E. M. Semenov and F. A. Sukochev: “Invariant Banach limits and applications".
J. Funct. Anal. 259 (2010), 1517-1741.

[62] E. M. Semenov and F. A. Sukochev: “Extreme points of the set of Banach
limits”. Positivity 17 (2013), no. 1, 163-170.

[63] E. M. Semenov, F. A. Sukochev, and A. S. Usachev: “ Structural properties
of the set of Banach limits”. (Russian) Dokl. Akad. Nauk 441 (2011), no. 2,
177-178; translation in Dokl. Math. 84 (2011), no. 3, 802-803.

[64] S.-Y. Shaw and S.-H. Lin: “Strong and absolute almost-convergence of vector
functions and related Tauberian theorems”. J. Math. Anal. Appl. 334 (2007),
no. 2, 1073-1087.

[65] C. Swartz: “A bilinear Orlicz-Pettis theorem”. J. Math. Anal. Appl. 365 (2010),
no. 1, 332-337.

[66] C. Swartz: “The Schur lemma for bounded multiplier convergent series”. Math.
Ann. 263 (1983), 283-288.

137



BIBLIOGRAPHY BIBLIOGRAPHY

[67] C. Swartz: Multiplier Convergent Series. World Scientific, Singapore, 2009.

[68] C. Swartz: “A bilinear Orlicz-Pettis theorem”. J. Math. Anal. Appl. 365 (2010),
no. 1, 332-337.

[69] J. Wolfe: “Injective Banach spaces of continuous functions”. Trans. Amer. Math.
Soc. 235 (1978), 115-1309.

[70] S. M. A. Zaidi, M. Irfan, and G. Mauhiuddin: “On the Category of G-sets-1.”
Int. Math. Forum 4 (2009), no. 8, 383-393.

138



	Contents
	Preface
	0.1 Rafael Armario's life
	0.1.1 Childhood and early life
	0.1.2 University of Cadiz undergraduate period

	0.2 Rafael Armario's work
	0.2.1 University of Cadiz graduate period


	1 Framework
	1.1 Analytical geometry
	1.1.1 Convexity
	1.1.2 Extremal theory

	1.2 Sequences and series
	1.2.1 Spaces of sequences
	1.2.2 Classifications of series
	1.2.3 Biorthogonal systems
	1.2.4 Schauder bases

	1.3 Operator theory
	1.3.1 Spaces of continuous and linear operators
	1.3.2 Complementation, M-ideals and injectivity

	1.4 Measure theory
	1.4.1 Spaces of bounded measurable functions

	1.5 Convergence theory
	1.5.1 Nets and filters
	1.5.2 Convergence in topological spaces

	1.6 The motivation for this work
	1.6.1 Summing multiplier spaces with the Bade property
	1.6.2 Generalizations of Banach limits
	1.6.3 Almost convergence extension of the Orlicz-Pettis Theorem
	1.6.4 Almost convergence extension of the Hahn-Schur Theorem


	2 The Krein-Milman property and the Bade property
	2.1 The Krein-Milman property
	2.1.1 Topological impact
	2.1.2 Algebraic impact
	2.1.3 A simplified reformulation

	2.2 The Bade property
	2.2.1 Topological impact
	2.2.2 Algebraic non-impact


	3 Multipliers
	3.1 Summing multiplier spaces
	3.1.1 The spaces S(xi) and Sw(xi)
	3.1.2 The space Sw*(x*i)
	3.1.3 Extremal properties
	3.1.4 Uniform summability

	3.2 Multiplier spaces of summable sequences
	3.2.1 The spaces X(S) and Xw(S)
	3.2.2 The space X*w*(S)


	4 Vector-valued Banach limits
	4.1 Scalar-valued and vector-valued Banach limits
	4.1.1 The classical definition of a Banach limit
	4.1.2 Motivation for vector-valued Banach limits

	4.2 Existence of vector-valued Banach limits
	4.2.1 Dual spaces
	4.2.2 Spaces 1-complemented in their bidual
	4.2.3 1-injective Banach spaces
	4.2.4 -sums

	4.3 Structure of the set of Banach limits
	4.3.1 Metric and algebraic structure
	4.3.2 Extremal structure


	5 Vector-valued almost convergence
	5.1 Notions of almost convergence
	5.1.1 Lorentz's (scalar-valued) almost convergence
	5.1.2 Boos' (vector-valued) almost convergence
	5.1.3 Basic properties of almost convergence

	5.2 Spaces of almost convergent sequences
	5.2.1 The spaces ac(X) and wac(X)
	5.2.2 The almost convergent limit function
	5.2.3 The space w*ac(X*)
	5.2.4 Almost convergence and classical properties

	5.3 Vector-valued Lorentz's theorem
	5.3.1 A total extension for the ac0(X) case
	5.3.2 A partial extension for the ac(X) case
	5.3.3 A partial extension for the ac(X*) case

	5.4 Almost convergence and Banach limits
	5.4.1 A superspace of ac(X) defined by the Banach limits
	5.4.2 Separating sets


	6 Vector-valued almost summability
	6.1 Notion of almost summability
	6.1.1 Boos' (vector-valued) almost summability
	6.1.2 Basic properties of almost summability

	6.2 Spaces of almost summable sequences
	6.2.1 The spaces sac(X) and wsac(X)
	6.2.2 The space w*sac(X*)

	6.3 Almost summing multiplier spaces
	6.3.1 The spaces SAC(xi) and SwAC(xi)
	6.3.2 The space Sw*AC(x*i) 
	6.3.3 The Almost Convergence Orlicz-Pettis Theorem

	6.4 Multiplier spaces of almost summing sequences
	6.4.1 The spaces XAC(S) and XwAC(S)
	6.4.2 Uniform almost summability
	6.4.3 Boolean-algebra almost summability
	6.4.4 The space X*w*AC(S)


	G-spaces
	.1 G-density
	.1.1 G-density and G-generator sets
	.1.2 G-free sets
	.1.3 G-bases and G-fundamental domains
	.1.4 G-density character and G-dimension
	.1.5 Extreme cases of G-density

	.2 Applications of G-density
	.2.1 G-density in modules
	.2.2 G-density in normed linear spaces


	Bibliography

